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Abstract— This paper presents a novel methodology for im-
plementing optimized jumping behavior on quadruped robots.
Our method includes efficient trajectory optimization, precise
high-frequency tracking controller and robust landing con-
troller for stabilizing the robot body position and orientation af-
ter impact. Experimental validation was successfully conducted
on the MIT Cheetah 3, enabling the robot to repeatably jump
onto and jump down from a desk with the height of 30′′ (0.76
m). The result demonstrates the advantages of the approach
as well as the capability of the robot hardware itself.

I. INTRODUCTION

Legged robots have great potential for application in
challenging man-made and natural environments. In contrast
to wheeled or tracked vehicles, legs provide remarkable
advantages for navigating uneven terrains, especially high
obstacles. Designing and controlling machines to realize
these potentials has long motivated work across the legged
robotics community. Especially, the recent DARPA Robotics
Challenge (DRC) [1] motivates the development of highly-
capable quadrupeds (e.g., [2], [3]) and humanoids (e.g., [4],
[5]).

Quadruped robots have recently shown impressive ad-
vancements in dynamic locomotion capabilities using var-
ious actuation methods and control strategies. The use of
hydraulic actuators has proven to be successful in legged
locomotion with Big Dog by Boston Dynamics [6] and IIT’s
HyQ quadruped [7]. These robots take advantage of the
hydraulic actuation system’s ability to output large forces at
the joints. ANYmal at ETH [2] features an extensive range
of motion for completing autonomous tasks in real-world
situations with the use of Series Elastic Actuators (SEAs).
The MIT Cheetah 2 made use of a custom proprioceptive
actuator design [8] that possesses high impact mitigation,
force control, and position control capabilities. This design
enabled it to autonomously jump over obstacles [3] and
bound at speeds of 6m/s [9]. While this prior work uses
a simple model for real-time planning, in this paper, we
maximize the performance of the robot to make it jump as
high as possible using trajectory optimization based on the
full dynamical model of the system.

A recent work [10] presented a design and control frame-
work for optimized jumping of a single-legged robot. The
system is in a small scale with a link length of 12 cm and
attached to a boom, restricting its motion in the lateral direc-
tion. In this paper, using different methods of optimization
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Fig. 1: MIT Cheetah 3 jumps on a desk. With our method, the robot was
able to jump on a 30-inch desk.

and control, we are able to successfully implement optimized
jumping on a standard-size desk with a height of 30′′ with
an untethered, large-scale quadrupedal robot, MIT Cheetah
3 (see Figure 1). Miniature robot jumpers (e.g., Salto [11],
EPFL Jumper [12]) can achieve impressive high jumping
thanks to theirs small weights as well as specific design for
jumping tasks usually by storing energy using springs.

The remainder of the paper is organized as follows.
Section IV describes the trajectory optimization and the
jumping controller. The force-based landing controller is
presented in Section V. Results from selected hardware
experiments are shown in Section VI. Finally, Section VII
provides concluding remarks.

II. HARDWARE PLATFORM

The hardware design of Cheetah 3 builds on the actuation
paradigm of the MIT Cheetah 1 and 2 robots [13]. By
using high torque density electric motors with back-drivable
single-stage planetary gear reductions, and low-inertia legs,
the Cheetah 3 robot can control ground reaction forces
through proprioception, without the use of any force sensors,
torque sensors, or series compliance at the joints or feet. The
Cheetah 2 robot was designed primarily for fast locomotion
in the sagittal plane, and used high performance actuators
at the hip and knee joints, but not for abduction/adduction
(ab/ad).
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Fig. 2: Cheetah 3 Leg Design. Each leg consists of three actuators.

TABLE I: Actuator Parameters

Parameter Value Units
Gear Ratio 7.67

Max Torque 230 Nm

Max Joint Speed 21 Rad/s

TABLE II: Physical Robot Parameters

Parameter Symbol Value Units
Mass m 45 kg

Body Inertia Ixx 0.35 kg ·m2

Iyy 2.1 kg ·m2

Izz 2.1 kg ·m2

Body Length lbody 0.600 m

Body Width wbody 0.256 m

Body Height hbody 0.200 m

Leg Link Lengths l1, l2 0.34 m

Cheetah 3 has nearly identical actuators on all three
degrees of freedom on each leg, enabling fully 3D control
of ground reaction forces. The Cheetah 3 legs feature a
large range of motion. The ab/ad joints have a range of
motion of more than ±45◦, and the hip and knee designs
allow the robot operate identically forwards, backwards, and
flipped upside-down. Each of Cheetah 3’s actuators consists
of a custom high torque density electric motor coupled to a
single-stage 7.67:1 planetary gear reduction. The lower link
is driven by a roller chain which passes through the upper
link, providing an additional 1.15x gear reduction. The legs
are serially actuated, but to keep leg inertia low, the hip and
knee actuators are co-axially located at the hip of each leg
as shown in Figure 2. Cheetah 3’s actuation capabilities are
summarized in Table I.

Having presented the robot hardware, in the next Section,
we describe the development of algorithm for the jumping
tasks.

III. TRAJECTORY OPTIMIZATION

As seen in quadrupeds animals, high-power jumping is
normally restricted on about a 2D plane due to the com-
plexity of the motion. Therefore, in this paper, we focus on

Fig. 3: 2D Quadruped Model. The jumping trajectory optimization
employs a simplified, planar model of Cheetah 3. This figure shows the
choice of coordinates and the control inputs of the simplified model.

optimizing jumping trajectory on the sagittal plane. In this
Section, we discuss the construction of a jumping trajectory
optimization which employs a simplified dynamics model.

A. Dynamics

The robot model used for the optimization is simplified
as a 5-link robot on a vertical plane. The physical robot
parameters are listed in Table II.

The configuration variables are defined as follows:

Q := [x; z; qpitch; q] , (1)

where x, z, qpitch are the COM position and body pitch
angle in the world frame, and q is the joint angle vector
including hip and knee joint angles of front and back legs.
Figure 3 illustrates the system states and control inputs of
the dynamics.

Spatial vector algebra [14] is used to construct the robot’s
equations of motion which take the following form:

H(Q)Q̈+C(Q, Q̇)Q̇+ g(Q)

= Bτ +Bfricτfric(Q̇) +
∑
i

JTi (Q)Fi, (2)

where H is the mass matrix; the matrix C contains Coriolis
and centrifugal terms; g is the gravity vector; Ji is the spatial
Jacobian of the body containing the ith foot, expressed at
the foot and in the world coordinate system; Fi is the spatial
force at the ith foot; matrices B and Bfric define how the
actuator torques τ and the joint friction torques τfric enter
the model.

In addition to that, the following constraints are enforced
for each stance foot i that is on the ground and actively
supporting the robot:

Ji,stance(Q)Q̈+ J̇i,stance(Q)Q̇ = 0. (3)

Having presented the dynamical model of the robot, we
now will explain how we setup the contact sequence in the
optimization problem.

B. Contact scheduling

The optimization problem is constructed as follow. Ini-
tially, the trajectory of the jumping motion is discretized
with a fixed sampling time of T = 10 ms. The duration of
the motion is therefore determined by the number of time
steps N , which is manually tuned in our framework.
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Fig. 4: Jumping phases. Each jumping motion includes three phases.

Subsequently, four sequential phases for each jumping
motion can be identified: (a) all-leg contact phase, (b)
rear-leg contact phase, (c) flight phase and (d) landing
phase. While the first three phases are solved via off-line
optimization, the last one, namely, the landing phase uses
real-time feedback force-based controller to handle impact
and balance the whole body motion. The duration of the all-
leg contact phase and the rear-leg contact phase are fixed
as 0.5 s. Based on the jumping task, the duration of the
flight phase is adjusted accordingly (see Figure 4 for three
different jumping phases and timing.) The dynamics of each
phase is then modified based on its contact model.

We then use the nonlinear optimization tool CasADi (see
[15]) for constructing and solving our optimal control prob-
lem. We now will describe our cost function and constraints
used for optimizing the jumping task.

C. Cost function

The following cost function is used for our optimization:

J =

N−1∑
k=1

wq(qk − qref )T (qk − qref ) + wττ
T
k τk

+ wN (qN − qdN )T (qN − qdN ), (4)

where qk, τk are the joint angle and joint torque at the
iteration kth; qN is the joint angle at the end of the trajec-
tory; wq, wτ , wn are cost function weights of corresponding
elements.

Note that the goal of this optimization framework is to
find a feasible jumping motion for the robot to clear a very
high obstacle with respect to physical constraints related
to the hardware as well as the jumping task. Due to the
complexity of this problem, the feasibility domain is very
limited. Therefore, the purpose of this cost function is to
guide the optimization to converge to a feasible solution
where the joint angle profile does not vary arbitrary or in
other words, stays close to the reference configuration qref if
possible. In the cost function, we also minimize the energy
consumption to ensure that the joint torque profile is not
too noisy. However, we just use a very small weight of
wτ = 0.0001 (while wq = 1, wN = 100) to make sure that
we do not over-regulate the use of joint torques because the
primary goal of this work is to maximize the performance
of the robot.

D. Constraints

The following constraints are enforced in our optimiza-
tion:
• Dynamics constraints (2)
• Joint angle limits: qmin ≤ qk ≤ qmax
• Joint velocity limits: |q̇k| ≤ q̇max
• Torque limits: |τk| ≤ τmax
• Friction cone limits: |F xk /F zk | ≤ µ
• Minimum ground reaction force (GRF): F zk ≥ F zmin
• Initial joint configuration: q0 = q0,d, q̇0 = 0
• Initial body configuration: x0 = 0, z0 = 0, qpitch,0 =

0, ẋ0 = 0, ż0 = 0, q̇pitch,0 = 0 (the origin of the
world frame is set at the initial position of the robot’s
COM)

• Pre-landing configuration: qk = qN,d, q̇k = 0 (k ∈
[(N − 40) : N ])

• Final body configuration: xN ≥ djumping, zN =
hplatform, qpitch,N = 0

• Geometric constraints related to ground and obstacle
clearance

To be more specific, the dynamics constraints are used to
represent the dynamics described in Section III-A, where the
constraints (3) are then modified accordingly based on dif-
ferent contact models of different jumping phases during the
motion (see Figure 4). While we use the maximum torque
τmax from the real hardware for stance phases, a smaller
value of torque limit during swing phases is applied to avoid
aggressive swing motion. We also use a conservative friction
coefficient µ = 0.4 to compensate the model mismatch
between the optimization model and the real hardware (the
real surface friction coefficient is estimated about µ̂ = 0.7).
Furthermore, because implementing the optimized trajectory
on the hardware may cause the robot to land either sooner or
later than the expected time from the optimization, instead
of enforcing the robot to reach the final configuration qN,d at
the final iteration N th, we want the robot to reach the desired
static posing configuration 40 iterations (0.4 s) ahead of
time. This feature is important to ensure a favorable landing
configuration and to avoid bad impact with the platform
or ground. The constraint on the final body configuration
ensures that the robot lands inside the platform.

Remark 1: In addition to that, the choice of the desired
posing configuration qN,d also plays a crucial role in ensur-
ing smooth landing. Having the legs extended or close to
singularity upon impact will result in high knee velocities
due to the property of the Jacobian matrix. Furthermore, note
that exceeding the maximum value of motor velocity may
cause over-current, which was observed in our experiment.

Geometric constraints related to ground and obstacle
clearance ensure the knees and swing feet have a good
clearance with the ground; the whole robot body and legs
have a good clearance with the platform.

IV. JUMPING CONTROLLER

From the optimization, we get the desired joint angle (qd),
joint velocity (q̇d) and feed-forward joint torque (τd). Those
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Fig. 5: Block Diagram for the Jumping Controller. The optimization
produces discrete trajectory at 100 Hz, which is then linearly interpolated
to get the desired profile at 1 kHz. The joint PD controller and the Cartesian
PD controller execute at 1 kHz and 4.5 kHz respectively.

trajectories have the sampling time of 10 ms. In order to
get the reference trajectory for our controller running at
1 kHz or with the sampling time of 1 ms, we do linear
interpolation between the two nearby solutions from the
optimization. Figure 5 presents the block diagram of the
jumping controller, including the explanation of different
control levels with different sampling times. The feedback
joint PD controller running at 1 kHz is computed as follows:

τff =Kp,joint(qd − q) +Kd,joint(q̇d − q̇) + τd (5)

where Kp,joint and Kd,joint are diagonal matrices of pro-
portional and derivative gains for the joint coordinate.

In addition to that, we also use Cartesian PD controller run
at 4.5 kHz to improve the tracking performance. From the
desired trajectory of joint angles (qd) and joint velocities
(q̇d), using forward kinematic, we can extract the foot
positions (pd) and foot velocities (vd) of each foot with
respect to their hips.

The full controller for tracking desired trajectories is

τ = J(q)>[Kp(pd − p) +Kd(vd − v)] + τff (6)

where J(q) is the foot Jacobian at the configuration q; Kp

and Kd are diagonal matrices of proportional and derivative
gains for the Cartesian coordinate; τff is the feed-forward
torque from the joint PD controller (5).

V. LANDING CONTROLLER

Having introduced the jumping controller, in this Section
we present a force-based controller to handle impact and
balance the whole body motion during the landing phase.
Due to model mismatch between simulation and experiment,
there is a significant pitch angle error when the robot is about
to land either on the table or the ground. Therefore, the
landing controller plays a crucial role to recover the robot
from unexpected landing configurations. The experimental
validation of this controller also proves clearly the ability
to handle hard impact and control ground reaction forces of
the hardware design in general and the motors in particular.

A. Contact Detection

Firstly, we will present the contact detection method
we use to trigger the switch from the jumping controller
presented in Section IV to the landing controller.

For walking experiments in the Cheetah 3 robot, we need
to use a complex contact fusion algorithm based on gait
timing and other criteria (see [16]). For jumping behavior,
because the real jumping time is normally far off from the
expected value and its ground impact is much harder than
that of walking, we simply detect the impact and switch to
the landing control using the following condition:

if (t ≥ Tposing)&(any q̇knee,i ≥ q̇knee,impact)
then switch to landing control,

where Tposing is the instant when the desired trajectory is set
to pose the robot in a static configuration to prepare for land-
ing (after that time the desired knee velocity q̇knee,d = 0);
q̇knee,i is the knee velocity of the ith foot; and q̇knee,impact
is the knee velocity threshold to determine if the ground
impact happened.

Using this contact detection, we also clarify between three
different contact models: front-leg contact; rear-leg contact;
and all-leg contact. It will help the landing controller to
determine which robot model should be used.

B. Controller Model

While in the trajectory optimization process, we use a
detailed dynamical model of the robot described in Section
IV, a simplified control model is used to optimize the ground
reaction forces for balancing the whole body motion after
impact, enabling a formation of real-time optimal controller.

By design, the robot has light limbs with low inertia as
compared to the overall body. Therefore, it is reasonable to
ignore the effects of the legs into the whole body motion
for planning ground reaction forces. This assumption is also
commonly used in control of legged robots [17], [18]. The
following linear model is then derived:[

I3 . . . I3
[p1 − pc]× . . . [p4 − pc]×

]
︸ ︷︷ ︸

A

F =

[
m(p̈c + g)
IGω̇b

]
︸ ︷︷ ︸

b

,

(7)

where m and IG are the robot’s total mass and centroidal ro-
tational inertia, g is the gravity vector and pi, i ∈ {1, 2, 3, 4}
are the positions of the feet. The term [pi − pc]× is
the skew-symmetric matrix representing the cross product
(pi − pc)× Fi.

C. Force-based Landing Controller

For the landing controller, we adopted the controller
described in [17] with slight modification. This controller
enforces PD control on the center of mass and body orien-
tation, while also ensuring that foot forces satisfy friction
constraints as well as minimum and maximum ground



Fig. 6: Motion snapshots from a successful jump on a desk with the height of 30 inches.

Fig. 7: Motion snapshots from a successful jump down from a desk with the height of 30 inches.

reaction forces. The PD control law is given by[
p̈c,d
ω̇b,d

]
=

[
Kp,p(pc,d − pc) +Kd,p(ṗc,d − ṗc)
Kp,ω log(RdR

T ) +Kd,ω(ωb,d − ω)

]
.

(8)

The desired angular acceleration reflects PD control on
SO(3) wherein the desired and actual body orientations are
described using rotation matrices Rd and R, respectively,
and the orientation error is obtained using the exponential
map representation of rotations [19], [20].

The goal of this controller is to resolve an optimal
distribution of leg forces F that drive the approximate COM
dynamics to the corresponding desired dynamics given by

bd =

[
m(p̈c,d + g)
IG ω̇b,d

]
. (9)

Since the model (7) is linear, the controller can naturally
be expressed as a quadratic program (QP) [21], that can be
solved in real-time of 1 kHz:

F ∗ = min
F∈R12

(AF − bd)TS(AF − bd)

+ α‖F ‖2 + β‖F − F ∗prev‖2 (10)

s.t. CF ≤ d
F zswing = 0

The cost function in (10) represents three goals: driving
the COM to the desired dynamics, minimizing the force
commands, and filtering the change of the solution F ∗

with respect to the previous time-step, F ∗prev . The weight
parameters S, α, β reflect the relative priority in different
elements. Constraints CF ≤ d ensure that the optimized
forces stay inside the friction pyramid and that the normal
forces lie within feasible bounds.

Based on the contact model coming out from the contact
detection, the normal forces of swing legs are constrained to
be zeros, F zswing = 0. Having this constraint in addition to
the friction cone constraints in the QP controller, we will
enforce the force vectors of the swing legs to be zeros,
Fswing = 0. The swing legs are then kept at the posing
position using PD control described in Section IV until the
contact detection in those legs are triggered.

Remark 2: Note that, we initially try to set all legs to be
stance legs whenever we detect ground impact at any legs.
However, in experiment, the robot normally has a rear-leg
contact with the desk or ground first with a significant pitch
angle offset at impact (see Figures 6 and 7). Therefore, if
we apply force control for all legs in this configuration, the
front legs will extend fast, leading to excessive impact force
and knee velocity post-impact. Switching from swing phase
using position control to stance phase using force control
properly helped us to overcome this issue.

VI. RESULTS

This section presents results from experimental testing
with the MIT Cheetah 3 robot. A video of the results is
included as supplementary material.

Using our approach presented throughout this paper, the
robot can repeatedly jump onto and jump down from differ-
ent platforms with different height of {14′′, 20′′, 30′′}. We
pick the experiment with the 30-inch desk as illustrated in
Figure 6 and 7 to discuss in this paper.

While the experiment of jumping on the desk shows
clearly the effectiveness of the proposed method in general,
the jumping down experiment emphasizes the performance
of the landing controller presented in Section V.

Figure 8 shows the tracking performance of the foot
position and velocity for the jumping phase of the first ex-
periment (jumping onto a 30-inch desk, see Figure 6). With
the Cartesian PD controller running at a high frequency of
4.5 kHz, our robot can achieve good tracking performance
both during stance and swing phases.

Accordingly, during the jumping phase with rear-leg con-
tact, the system is under-actuated and we don’t do feedback
control on the body pitch angle. Thus, there is normally
a significant pitch angle error with the magnitude of more
than 20◦ upon landing as evident in Figure 9b. Therefore,
it is very important to have a landing controller that can
robustly recover the whole body position and orientation
under a large error of landing configuration. Figure 9 shows
the performance of the landing controller when the robot
jumped down from a 30-inch desk (see Figure 7). In this
experiment, the rear legs had impact with the ground when
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Fig. 8: Tracking performance of the jumping controller. This plot shows
the tracking of leg position and velocity during the jumping phase when
the robot jumped onto a 30-inch desk (see Figure 6.)

the pitch angle was −25◦. However, the landing controller
was able to recover the pitch angle while maintaining roll
and yaw angle about zeros using reasonable force commands
as illustrated in Figure 9.

VII. CONCLUSIONS AND FUTURE WORK

This paper has introduced a framework for implementing
jumping behaviors on quadruped robots. The combination
of trajectory optimization, high-frequency tracking controller
and robust landing control enabled the robot to repeatedly
jump onto and jump down from a 30-inch desk. The experi-
mental results not only validate the advantages of the method
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Fig. 9: Force command of the landing controller. This plot shows the
COM position, body orientation and force command during the landing
phase when the robot jumped down from a 30-inch desk (see Figure 7).

but also prove the capability of the hardware on performing
aggressive tasks that require generating high power as well
as absorbing high impact. Our future plan is to integrate the
approach with vision to autonomously detect and jump on
obstacles.
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