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ABSTRACT

There are five chapters in this thesis. Well-posedness of the forced nonlinear
Schrédinger equation (NLS) is shown in Chapter 1. The global solution to an
initial-boundary value problem for the NLS is proved in Chapter 2. Global
existence of the full-line problem for the Ginzburg-Landau equation (GL) is
shown in Chapter 3. In Chapter 4, the following results concerning the half-line
problem for the Ginzburg-Landau equation are established: 1) local existence-
uniqueness; 2) small amplitude solution; 3) criteria for global existence. In
Chapter 5, the weak solution to an initial-boundary value problem for the GL

equation is obtained via Galerkin’s method.
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Introduction.
OVERVIEW OF APPROACHES TO FORCED PROBLEMS

Many forced problems occur when an external force is applied to the time evolution
of systems governed by nonlinear partial differential equations. For example,
in ionospheric modification experiments, one directs a radio frequency wave at
the ionosphere. At the reflection point of the wave, a sufficient level of electron
plasma waves is excited to make nonlinear behavior important. This is described
by the nonlinear Schrédinger equation (NLS) with a nonlinear boundary value
being specified [32]. We consider so-called forced problems in terms of nonlinear
boundary value problems. The forced 1D nonlinear Schrédinger equation reads as

follows:

WUt = Ugz + k|u|2u,. 0<z,t< o0
u(z,0) = uo(z), u(0,%) = Q(t), uo(0) = Q(0)
with k real and u — 0 as z — oo.

Forced NLS has been investigated via numerical method (e.g. Kaup [32]). It
was shown that a smooth Gaussian forcing of the NLS amplitude creates a number
of solitons roughly proportional to the area of the forcing amplitude. On the other
hand, it has also been studied via the inverse scattering transform (IST) technique.
(See Ablowitz, Carroll, Fokas in [10,12,14,15,16,17,23,24,26].) The main thrust
is to determine the time evolution of spectral data so that the problem can be
solved. By inverse scattering one obtains, depending on the choice of the scattering
data, various complicated nonlinear singular intergro-differential equations for the
time evolution of the scattering data uniquely defined in terms of the boundary
condition. For the special case of a homogenous boundary condition, the scattering

data are found in closed form [25]. Further, the framework and technique used
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to deal with NLS also extend to general AKNS systems [14]. But IST approach
does not provide classical solutions (e.g. in H? space). Nor does it discuss global
existence, an important concept in the theory of partial differential equations.
There is a third approach to study the forced problems, i.e. the PDE method.
For example, PDE solution of the forced Korteweg de-Vries equation (KdV) in a
quarter plane was obtained by Bona and Winther in [8] and continuous dependency
results were shown in [9] via analytic techniques. For the forced NLS when u(0, 1) is
given it was shown by Carroll and Bu in [18] that for ug € H2[0,00),Q € CZ[0, o)
there exists a unique global classical solution in C°(H2) N CY(L?). Finally, initial
value problems for forced linear and nonlinear partial differential equations can
be considered where the forcing is assumed to be rapid compared to the unforced
dynamics. In this case, a multi- scale perturbation method could be used to derive
solutions in the form of asymptotic expansions [48].

In this thesis, we first in Chapter 1 show the well-posedness result for the
forced NLS. Then in Chapter 2, we prove the global existence theorem for the
forced NLS with different boundary condition when u,(0,)+au(0,?) is given (here
a is real). In Chapter 3, we turn to the Cauchy problem for the 1D Ginzburg-
Landau equation and show the global existence for v,k > 0. In Chapter 4, we
study the forced Ginzburg-Landau equation. Local existence and small amplitude
solution for », £ > 0, partial results on global existence when || < v/3k or af >0
are obtained. Finally in Chapter 5, we show that there exists a weak solution to

the forced Ginzburg-Landau equation with v,k > 0 posed on a finite domain.



Chapter 1.
ON WELL-POSEDNESS OF THE FORCED
NONLINEAR SCHRODINGER EQUATION (NLS)

§1.1 INTRODUCTION.

In this chapter, we study the well-posedness of the following initial-boundary value
problem for the nonlinear Schédinger equation (NLS):

(1.1.1) Uy = Uz + kjulPu

u(x,0) = uo(z), u(0,t) = Q(¥)

with uo(0) = Q(0) and k real. It was shown in [18] that for uo € H2[0,00),Q €
C?[0,00) there exists a unique global classical solution of (1.1.1) in C°(H?) N
C'(L?). Thus in §1.2 we give some growth estimates for ||u|]z and ||u'||2 which
are critical to prove the well-posedness. In §1.3, for ug € H?[0,00),Q € C2[0, 00)
we show the well-posedness of the forced NLS by using semigroup techniques and
estimates.

We shall utilize the following notation throughout:

(1.1.2) P(t) = u4(0, 1)
(1.13) Iole = us(z, P dal?
(114) Il =1 fute,itdal’
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(1.1.5) [y =1 3 1Dgu(e, P del}

la|<m

(1.1.6) g = Qllcrto,;1 = sup [IQ®)| + |Q'(%)]]
0<t<T

Further, we shall consider (1.1.1) for 0 < ¢t < T and ¢ < R,|uofl1,2 < R
(R, T < oo, arbitrary) unless stated otherwise.

§1.2 ESTIMATES FOR |ju[; AND [ju'|,.

The following were established in [18].

t t—
(1.2.1) lull3 = llwoll3 — 2Im / P(r)Q(r)dr
ne k 4 112 k 4 ¢ Vo YT75Y
(1.2.2) llu'llz — 5”"”4 = |lugllz — ‘2‘”“0”4 —2Re A P(T)Q'(T)dr
o0 o0 t
(123) | vatde = [ wathae - [ Qi@
0 0 0

t t
+i [(1P@)Par+ 5i [ 1@@tar

(1.2.4) llullz < Ml ll2 /w13

(see [50] for (1.2.4)). By (1.2.1), (1.2.2) and (1.2.3) one has the following three

estimates:

(12.5)  [lull? < [luoll2 + 24V / |P(r)Pdr)¥ < B® + 2RV / |P(r)Pdr)}

4



k k ¢ 1
a28) Wl < Epung + nugiz + ol + 203 [ 1p(Pary}

k
<Al + 1418 + Bl alool + 2RV [ P2

k 1
< /\—Izl llw’ll2llull? + B* + coR* + 2R\/5(/ |P(r)*dr)?
0

azn  [ipmpear< B [emar+ [ on@mar

=] [ =]
+|/ uit'dz| + I/ uoigdz|
0 0

k 1
gt + 767 + ullolills + ol

< 2l
- 2

k
< Blrgs 4 782 ¢ fullalille + Slluoll3 + 3ol

Ikl 4 2 2 Hni2 2
< 2l - hd fd
< SITRY + TR + i + S ll3 + 5B

From (1.2.5) and (1.2.7) one has (¢ < R)

t\°|

k 1
Il < B2 + 2RVETRED 4 TR 1 ulple + LR2)
2 |k| 2 \/_ ' 1
< R+ 2RVA(\| TS R? + VTR + |lullf w']F + 5B)
< R? +2R’T \/ k| | orR? + 2RVE Hlullf lu'llf + V2REVT

1 1
< é+2RVH|[ul)F ||u'|)2

If & > 2RVA||u)ld w1 then |Ju|3 < 26. Otherwise, |ullz < 4ARVA||ull} |w/|l}. In

any event,

1 1
(1.2.8) lull3 < max{2¢,4RVE|julZ ||u'|I7}
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1 1
Now if 28 > 4Rv/t||ul|Z||u'||Z then by (1.2.8) one has [ju||z < V2é Otherwise,
el < 4RVEllullf lw'll3 again by (1.2.8). Thus [lulls < (4RVE|l})3. In sum-
mary,

(129)  [lulls < max{V2&, (4RVE|u'[1§)3} = max{v2E, (16R%|w'||»)}}
Now put (1.2.5) in the RHS of (1.2.7) to obtain (¢ < T')

¢ t
/ |P()|dr < |—'2°|TR4 +TR? + %uu'll% + %(RZ +2RVT( / |P(r)?dr)%) + % R?
0 0

This implies that (by completing the square)

R2T

([ 1prrant - 1avar < 3L orelly ey Ly

(1.2.10) ( / |P(r)dr)¥ < 2RVT + R*|T |k|+R+”£2

Now one can use (1.2.6) and (1.2.10) to get (noting ¢ < R)

k
(1211) o153 < M folpull + B2 + cor?

+2RVT(RVT + R*\[ T LI ||7\‘/'ﬂ2)

< ,\%luu'ngnu”g + R? 4 coR* + 4AR*T + +/2|k|[TR® 4+ 2R*VT + V2TR||v'||;
k 1
<Al + 54 23
The last line is obtained via V2T R|ju'||z < 42 4 Il anq
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2
&= R? + coR* + 4R*T + \/2|k|TR® + 2R*VT + ATR

Thus by (1.2.9), (1.2.11) becomes

(1.2.12) llw'lI < Alklllll2lull; + 26

< 28 + max{Alk||[u'[l2(28), Alk|||w'||516 B¢}

Ifonesets 0 <t < mlﬂff then (1.2.12) becomes

1

2 . p AN 210 p2
(1.2.13) llw'l|Z < 28 + max{A|k|[|u']2(28)7, Alk][|u'][316R 32,\|k|R2}

-~ A g 1
= 2¢+ max{Alk|llu'll2(28)=, 5[l+'[13}

If Alk|||u']l2(26)% > L||w'|3 then
e |l
2 2
hence [|u/[3 < 4&-+X%k%(28)°. £ AlK|]lu']|2(28)% < §lu'|l3 then ||u'|)} < 28+ ] lu'|I3
hence ||u'||% < 4. Then we get

|1 < 26 + Alk|[|u'||2(28) 7 < 26+

13 < 48+ A2k2(20)°

for 0 < tmllflﬁ' Thus by taking the square root,

(1.2.14) lu'llz € V4E + A2k2(28)% = )\,

From (1.2.9), noting 0 < ¢ < mﬁk'lﬁ’ one has

(1215) - flulle < max{v/25, (16R%|u'l2)¥} < V3E + (16R2t]'|l2)}

7



~ 1 1
S \/.‘5.;-}- (m/\l)}‘ = 61

Now by (1.2.14) and (1.2.15)

(1.2.16) lulliz < A +68 =4

Without loss of generality one can assume that R < }; in (1.2.16) otherwise one
simply let }; + R be replaced by X;.

Nowlet 0 =ty < t; < t2 < -+ <ty = T such that |t;}; — ;] < W
For tg <t < t; one has |[u|l1,2 £ A1. Fort; <t < ¢; one can repeat the above
process to get ||ul1,2 < X; and again without loss of generality we can assume
that R < A; < X;. Thus by induction one concludes (after N = [WFFW] +1

times)

PROPOSITION 1.2.1. For 0 < t < T one has the following estimate ||ull1,2 <
AN(R) for ||uoll1,2 < R, [|Qllcrpo, 17 < R.

COROLLARY 1.2.2. By estimates in [50] one obtains ||u|lco < :\||u’||;f||u||:;¥L <Xy

§1.3 WELL-POSEDNESS RESULTS.

Throughout this section we shall assume u, v solve (1.1.1) with data (@, uo) and
(Q1,v0) both lies in C2[0,T] x H2[0,00) = X. According to global existence-

uniqueness theorem [18], the map

f: X -Y=CYWIA[0,T) nC*(H?,[0,T))

via(Q,uo) — u is well-defined. To prove well-posedness, we shall fix z = (Q,uo) €
X and z1 = (Q1,vw) € X. Let |[2||x = max{||Q]c2[o,17,[|u0l|22} < R and

8



|lz1]lx < R. The following notation is introduced:
w=Au=v—u,Az=2z —z=(AQ,wp) = (Q1 — Q,v0 — uo)

Since v = w + u satisfies (1.1), one has

i(we + Ug) = Weg + Ugz + klw + u>(w + u)
= Wz + gz + k(W + u)*(B + @)
= Wag + Uzz + k(|w]?w + 2u|w]? + u2® + 2Ju>w + Gw? + |u|?u)

But u solves (1.1.1) thus the above equality can be simplified and w satisfies the

following variable-coefficient, initial-value, boundary-value problem:

(1.3.1) iwy = Wz + klw)?w + 2ku|w|? + ku?® + 2k|u|?w + kaw?

w(0,t) = AQ, wo = vo — uo.

LEMMA 1.3.1. There exists m > 0 such that supy¢;<7 ||v — ull2 < m||z1 — zll)%(0
where Xo = C[0,T] x L?[0, c0).

PROOF: We shall write AP = P, — P = v,(0,%) — u;(0,t). From (1.3.1) one has

= [wzz + k|w|?w + 2k|w|?u + ku?® + 2kw|ul? + kw?a@])d
— W[y + klw|?® + 2k|w|?@ + ka?w + 2kd|u)? + ko?u)
= Wz — Wibsy + 2k|w|?(Wu — Gw)
+k(u?w? — #2w?) + k|w|?(dw — ud)

9



= 2¢{Im(wz,® + 2k|w[?wu + ku?d® + k|w|2aw)

Thus
(1.3.3) [ toltds =
0
t oo
+2Im / [ / (wze® + 2k|w|?@u + ku?b® + k|w|?dw)dz])dr
0 0
t _ t oo
= ||woll3 — 2Im/ APAQdr + 2Im/ / (2k|w|*wu + kulw? + k|w|?aw)dzdr
0 0 JO
t ' t . .
< lunl} +2( [ 14Q(PanE( [ 14P(rPan?
0 0

t 00
2k ] / Bl ] -+ [uffw[?)dzdr
0 0

By Corollary 1.2.2, for 0 <t < T,0 < z < 0o one has

(1.3.4) sup |w(z,t)| < sup(|u(z,t)| + |v(z,t)|) < 23 N

From (1.2.10) and Proposition 1.2.1,

(1.3.5) (/o |AP(7‘)|2d‘r)% < [/0 2|P(7))? + 2|P(T)|2)d7']%

< V3( / |Py(r)dr)} +v/3( / |P(r)dr)}

< VE@RVT + /T Klee v r+ "ff"z)

Il g2 [P
+V22RVT + TSR + R+ 12 )
< 4V2TR + 24/T|k|R? + 2V2R + 2}y = co
Putting (1.3.4),(1.3.5) in (1.3.3) and noting sup|u(z,t)| < AAx one has

10



(1.3.6) / fw[?dz < |lwoll2 + 2VTeol| AQloo.my
0

+2[| / t / " BER AN (R) oA w(R) + (AXn(R))? |2 ldedr

t (=)
< llwol2 + &l AQllcpo.m + & / / o [Pdzdr
0 0

By Gronwall lemma,

(1.3.7) /0 w|?dz < (|lwoll3 + &l AQlloro,m)e®™ < (llwoll} + &l AQIlcpo,17)e’™

Therefore

(1.38) sup ([ oPPda)} < /(wol + A AQlopo e
0<t<T Jo

1 1 1 1
< mo(|lwolz + cl| AQ|| &1, 77) = mo(llwoll [|wollZ + cl| AQI (o, 1)
1 1
< mo(v/|luollz + l|vollzllwollF + cll AQII &4, 1)
1 1 1 1
< mo(V2R]wol|Z + cllAR|IE1o,77) < max{m|lwol|z, m||AQ| &1, 1}
1 1
=m||Az| %, = m|lz1 — z||%,
Our lemma is proved. Q.E.D.

LEMMA 1.3.2. There exists ¢ > 0 such that |[v — u|ly, < é|z1 — z”i where
Y, = CY(L?,[0,TY)).

PROOF: The norm of u on Y is supg<s<r(l[utll2 + [[u|2)- Since supoci<r llull2,2

< 00, it is clear that the RHS of (1.3.1) satisfies the local-Lipschitz condition on

w in H%. Hence one can adopt the proof of Theorem 4.1 in [18] to show that

w = v — u is the unique global classical solution satisfying (1.3.1).
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We use change of variables via w = W+ AQ(%)e™* to rewrite (1.3.1) as follows

(1.3.9) Wi = —iW,, — tk|W|>W + Go + G1 + G;

(13.10)  Go=—-AQ'e™* —iAQe™" — 2ki| AQ|?e~2"u — 2ki|u|2AQe~"

—ikGA2Qe?" — kiu? AQe~* — kil AQ|EAQe3*

(1.3.11) Gy = —4kie " *ReW AQ — 2ki|u|*W — 2kizAQe™*W

—kiulW — kiA2Qe "W — 2ki| AQ|%e~2*W

(1.3.12) Gz = —2kiu|W|? — kiaW? — 2kiAQe™*|W|? — kiAQe *W?

with W(z,0) = wo(z) — AQ(0)e™* = Wo(z), W(0) = we(0) — AQ(0) = 0. Thus
G1 = aW + W, Gs = v|W|? 4 6W? and Gy is independent of W. For0 <t < T
it is clear that G, , 8,7, 6 all belong to C1(L?[0,00)). Generally G1,G2 € D(A)
but Gy ¢ D(A). But since @ € C?,G{(%) is continuous. By [53], one has fot N(t—
8)Go(s)ds € D(A) where A = —D? with D(A) = {W, W, € L?[0,00); W(0) =0}
and N(t) = exp{At} being a strongly continuous contraction semigroup in L2,

One then converts (1.3.9) to an intergral equation

(1.8.13) W) = N@&)Ws + / "Nt - 5)Gods + / (Ga + Gy — K W[EW)ds

= N@OWo + /0 "Nt — )G(s)ds = N(&)Wo + / " N()G(t - 5)ds

here ||W||oo and ||w|lcc are bounded because by Propositions 1.2.1 and 1.2.2 one
has

12



lwlli,z < llullz + llvllie < 2Xn(R)
lwlloo < llulloo + [[vlloo < 2AAN(R)

hence ||W]||1,2 and ||[W]|o are bounded. Similar to (2.6) in [18] one obtains

(1.3.14) MW EW |22 < col[WIZ W2,z < E|W]l2,2

Note
1AQlI 210,11 < 1@1llc2po,my + 1Rl c2p0,11 < 2R

Since Wy € D(A), one has (N(t)Wy): = N(t)AW,. By (1.3.13)

(1.3.15) Wi(t) = (N(£)Wo)e + N()G(0) + / t N@)G'(t — s)ds

= N(t)(—iD2W,) + N(t)G(0) + /Ot N(t — s)G'(s)ds

. Here

(1.3.16) G(0) = Go(0) + G1(0) + G2(0) — ik|Wo|>Wo

By (1.3.10), (1.3.11) and (1.3.12)

(1.3.17) 1Go(0)l|2 < e1[|AQllcr 10,1y
(1.3.18) IG1(0)]l2 < c2||Wol|2
(1.3.19) 1G2(0)]l2 < cs||Wall2

13



Since N(%) is a contraction semigroup on L? one has

(1.3.20) |N()(—iDiWo)ll2 < cal|[Wollz,2

Put (1.3.17), (1.3.18), (1.3.19) and (1.3.20) in (1.3.16):

(1.3.21) I1G(O)lz < eo(ll ARl cr1o,17 + [[Woll2,2)

Again from (1.3.9), (1.3.10), (1.3.11) and (1.3.12)

(1.3.22) G'(t) = Gy(t) + Gi(t) + G4 (2) — ik(2]W > W, + W2W,)
(1.3.23) IGo(@®l2 < 5]l AQlI 10,1

(1.3.24) 1G1(Dll2 < es([Wl|2 + [[Well2)

(1.3.25) 1G2(B)l2 < ex(IW |2 + [[We]l2)

Put (1.3.23), (1.3.24) and (1.3.25) in (1.3.22) (note ||W||c is bounded):

(1.3.26) IG' @)z < cs(|AQlc2p0,77 + | Wl + [|Wel|2)

Now put (1.3.20), (1.3.21) and (1.3.26) in (1.3.15) (using the fact N(t) is a con-

traction semigroup):

(1.3.27)  ||[Will2 < |N(t)(—iD2W5)||z + |G(0)]|2 + /0 t [N (¢ — 8)G'(s)||2ds
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< ca||Wallz,2 + co(|l AQ e 0,17 + |Woll2,2)

t
+ [ eallAQloao + Wl + [Wel)ds

By Gronwall lemma,

(1.3.28) [Willz2 < (calWollz,2 + co(l ARl 110,77 + [Woll2,2)
t
+cs(T|| AQ|| c210,1y +/0 W l2ds) exp{cs T}

t
< (I AQlcnn +[Wolkea) +2 | [Wlads
0

Since w = W + AQ(t)e~%,ws = Wy + AQ'(t)e™2, one has

(1.3.29) lwellz < 1Wellz + 1 AQllcxpo2
< (1AQlcsp0.17 + lwallzz + ¢4 1 AQl co,77)

t
42 [ (ol + 1AQloxo m)ds) + |1 AQloxo

1
< c(lAQllowom + wollaz) +2 [ uwllods
0

Now we can use Lemma 1.3.1.

(1.3.30) lv—ully, = sup (|jwellz + [|lwl|2)
0<t<T

t 1 1
< sup (([|AQllcao,1y + |lwoll2,2) + 5/ m||Az|| %, ds + m||Az] %, )
0<t<T 0

1 1 ) 1
< ¢([lARlIc2po,my + llwollz,2) + ETm|| Az %, + m||Azl|%, < é]|Az]|%,
and Lemma 1.3.2 is proved. Q.E.D.
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THEOREM 1.3.3. Themap f: X — Y is continuous (thus (1.1.1) is well-posed).

ProoF: By Lemma 1.3.2, it suffices to show that there exists M > 0 such that
llv — ullvy < Mljz1 — ||} Where Ys = CO(H?2,[0,T]). From (1.3.1)

(1.3.31) lwszllz < llwella + el(lw®ll2 + 2luw?lle + [u?wlle + 2llu?wll + fuw?])

< llwlly; + [El(lw? ]|z + 3lluw]l2 + 3flw?ull2)

Put (1.3.8) and (1.3.29) in (1.3.30):

. 1
[wzsllz < &lAz||%, + [FI(lwllZllwll2 + 3llulZlwllz + 3llwlloo|llloolw]l2)
. 1
< @ Az||z, + [EI((2¢)[lwll2 + 3¢ [lwl|2 + 3(2¢)c]|w]|2)
1 L
= &)l Az||%, + m'||lwllz < &l|lAz%k, +m'm||Az||%, < &|Az]|%,

By (1.3.8) and (1.3.31),

(1.3.32) lv—ully, = sup (llwzsz|l2 + [lw]l2)
0<t<T

1 1 1
< 8|Az||%, + mllAz|lk, < M||Az|%,

Hence (1.3.32) combined with Lemma 1.3.2 shows that f : X - Y =Y, NY; is
continuous at z. The proof of well-posedness of (1.1.1) is completed. Q.E.D.

REMARK 1.3.4. One can extend our results such that for the following problem
(1.3.33) Uy = Uzz + kju|%u

u(z,0) = uo(z), u(0,t) = Q(%), uo(0) = Q(0)
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with k <0, up € H%2,Q € C?%,0 < 0 < 00, there exists a unique global solution
u € CY(L?) N C%(H?). Further, one can show that the above problem is well-
posed. For k > 0, we are not able to obtain the similar results for o > 2. This is
beca;lse the term ||u||3¢ will appear in (1.2.2) and cannot be ignored when k > 0.
Thus the powers for ||u||2, ||u'||2 in (1.2.4) will increase and (1.2.8), (1.2.9) and
Proposition 1.2.1 do not hold.

Over the past three decades there have been many studies on evolution equa-
tions which for certain initial data possess solutions that do not exist for all time.
(See [5],[52],[56] for general information and reference on nonexistence theorems
proved by blow-up methods). The global existence and uniqueness result (cf. The-
orem 4.1 [18]) indicates that under the assumption uo € H2[0,0), Q@ € C?[0, 00),
|#'||2 is bounded on any finite interval [0,T]. Nevertheless, one can study the
situation where @ € C?[0,T) for some T > 0 and try to find a condition on Q
such that ||u'||2 (here u is the solution of the forced NLS (1.1.1)) blows up at finite
time T. It can be shown that |Q(¢)] — oo will cause blow-up in most cases. In

most situations, u will also blow up when [|u'||2 blows up.

REMARK 1.3.5. If [5 |Q'(r)|2dr < M then |Q(t)| < |Q(0)| + (T J; |Q'(7)|2dr)%
< |Q(0)|+VTM and [ |Q(r)|2dr < T(|Q(0)|+vTM)? thus Lemmas (3.2)(3.5) of
[18] still hold and consequently Theorem (3.6) of [18] claim that ||[u'||2 is bounded
on [0,T). (In fact, ||ul|2,2 is bounded on [0,T).) No blow-up will occur in this case.
One interesting question is what is going to happen if @ € C?[0,T),|Q(t)] < M
on [0,T) but fOT |Q'()|dr = o0. A perfect example is Q(t) = sin 7.
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Chapter 2.
AN INITIAL-BOUNDARY VALUE PROBLEM
FOR THE NONLINEAR SCHRODINGER EQUATION

§2.1 PHYSICAL IMPLICATIONS.

Many physically important nonlinear evolution equations in 141 (i.e. in one
spatial and one temporal dimensions) have been found to possess exact solutions
by the method of inverse scattering transform (IST). The initial value problems
on the infinite interval —oo < z < oo for decaying [2], periodic [59] and self-
similar potentials [31] have been studied, to name a few. However, there are many
open questions on extending the IST to solve initial-boundary value problems,
sometimes called forced integrable systems [14,19,23,25,32]. Many efforts have
been made since to solve such problems. For example, the existence, uniqueness
and well- posedness of solution to the Korteweg-de Vries equation for 0 < z, < 00
where u(z,0) and u(0,t) are given has been proven in [8,9]. Also the following

forced nonlinear Schrédinger equation (NLS) has been considered:
(2.1.1) iy = Ugg + klul?u

u(a:,O) = uo(m)7u(oa t) = Q(t),uﬂ(o) = Q(O)

with & real. The main approach is to determine the time evolution of spectral data
so that the problem can be solved by inverse scattering and the framework and
technique extend to general AKNS systems in many cases (cf. [10,11,12,15,19,24]).
As we have stated in Chapter 1, there exists a unique global classical solution for
(2.1.1) and it is well-posed. There is, however, another type of half-line problem
for the NLS:

(2.1.2) s = gz + k|u|?u
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u(z,0) = uo(z), uz(0,%) + au(0,t) = R(?)

where « is real. Solving such a problem has important physical implications. (cf.
[23]) For example, (2.1.2) arises in the propagation of optical solitons [33]. Also,
NLS with an additional term u, on the right-hand side and & — o0 models water
waves [40]. It has been shown that for (2.1.2), the solution u(z,t) can be obtained
by solving a linear integral equation uniquely defined in terms of appropriate
scattering data satisfying a single nonlinear integrodifferential equation uniquely
defined in terms of the boundary condition (cf. Fokas, e.g.[4,23,25,26]).

In this chapter, we obtain the global solution to (2.1.2) by using PDE method
similar to [18]. In §2.2 we prove that there exists a unique classical local solution
of (2.1.2). In §2.3 we establish a uniform bound on |u(z,t)| for any fixed interval
t € [0,T] to prove that the unique local solution obtained is in fact a global one.

In addition to (1.1.2),(1.1.3),(1.1.4) and (1.1.5), we write

(2.1.3) Q(t) = u(0,8), P(¢) = us(0,1), R(t) = P(2) + aQ(t)

(2.1.4) Ry = sup (|R(t)| +|R'(t)])
0<t<T
Further, we shall use the following Gagliardo-Nirenberg estimates (cf. [50]
for details):
(2.1.5) 1D ullp < el D™ul2flullz ™

where ,% = % + a(% -2)+ 1%" and -"-7; < a £ 1. The constant ¢ depends on

J,m,n,p,q, and the region z € [0,00), but we only need n = 1 here.
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§2.2 LOCAL EXISTENCE-UNIQUENESS.

We shall study the half-line NLS (2.1.2) for real k,a with assumptions that
uo(z), R(t) have appropriate smoothness and satisfy the necessary compatibility

conditions to ensure the existence of solution at z = ¢ = 0.

LEMMA 2.2.1. Let A = —:iD? +ia, D(A) = {v: v € L?,v,, € L%, v'(0)+ av(0) =
0}. Then the operator A is the infinitesimal generator of a continuous semigroup
of contractors N(t) = exp At for t > 0. Here a is an appropriate positive constant

depending on &.

ProOOF: The ’damping’ term iav we added here is crucial to our proof in case
a >0 Let X = {v:v € L0,00),vzz € L?[0,00)}. Then X is a Banach
space with a norm equivalent to H2[0,00)-norm. Let H = L2[0,00),V = {v €
H1[0,00) : v'(0) + av(0) = 0} then D(A) and V are dense in H. Note |uljo,c0 <
cllull2,2, |4 )lo,00 < ¢'||u]l2,2 by (2.1.5). To prove A is a closed operator, let v,, €

D(A),Av, — y,vn, — z in H. Then clearly {v,} is a Cauchy sequence in X.
Completeness of X implies that {v,} converges in X and Az = y. Finally,

(2.2.1)  |2'(0) + az(0)] < [v'(0) + av(0)] + [2(0) - ¥'(0)] + |e]|2(0) — v(0)|

< dllz = vl|x + clalllz - v]lx — 0

This shows that z € D(A). Thus A is closed. To show that the resolvent set
of A contains R*, let v € V . Consider

(2.2.2) (A = A),v) = / (Av — iav + ivg; )ode
0
=(A- z'a)/ [v|2dz + z/ Vg Udz
0 0
= (A —ia)||v||3 + iv'D I :o - i/ [v' |2 dx
0
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= (A = ia)|v|} - #v"(0)5(0) — illv'IIf = (A — ia)[[v[lf +ialw () —&ll"|I

Take the imaginary part of (2.2.2),

(2.2.3) (A = A)v,v)] 2 lallollf — alo(0)[* + [l |I3]

< ¢||[v’|| |lv]|F. Then the

By (2.1.5), there exists ¢ > 0 such that |[v(0)| < [|v]leo
above inequality (2.2.3) becomes

(A = A)v,v)] 2 aflol|3 — ac®[[o'|[2]|o]l2 + |v']]3
1 1 1 1
> allvllz — Se*eHvllz — 511011z + 1112 = (@ - 5a*<)lvllz + Sll'II3

If one sets a > % then

(2.24) (A = A)v, )| = eo(|loll7 + [1'[13) = collvllF

By Theorem 2.3.3 of [11], (2.2.4) implies that for A > 0, the operator A — A maps
D(A) 1-1 onto H.

Now let v € D(A). For A > 0, by taking the real part of (2.2.2), one has the
following inequality Af|v]lz < [|(A — A)vllz thus ||(A — A)~!|| < %. By Hille-Yosida
Theorem (§1.3.1 [53]), the unbounded and linear operator A is the infinitesimal
generator of a continuous semigroup of a contractions N(t) = exp At for ¢ > 0.

Q.ED.

In order to apply Lemma 2.2.1, we need to use the standard linear technique

of change of variables. For « real, u € H?[0, 00), R(t) € C?[0, 00), set up

(2.2.5) v=u—S(t)e™,b=al+1>0,5() = ——f(_t)b

One has v € H%[0,00) and v; = u, + bS(t)e~%*. Thus
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(2.2.6) v2(0, ) + av(0, ) = u5(0,2) + bS(t) + a(u(0, £) — S(t))

= P(t) + bS(t) + aQ(t) — aS(t) = R(t) + (b — a)S(¢) = 0

and (1.1.2) becomes

(2.2.7) vy = —iVgg + tav — ik|v|?v + Go + G1 + G2

with v;(0,t) + av(0,t) = 0,v € H%[0, 00) and

(2.2.8) Go(z,t) = —i(k|S()|2S(t)e3%* — S'(t)eb=)
(2.2.9) Gi(z,t,v) = —ik(S(t)e™ %5 4 2|S(t)|2e~2*%v) — iav
(2.2.10) Ga(z,t,v) = —ik(5(t)e b*v? + 25(t)e 5% |v|?)

and v € D(A). Here one notes that N(t)ve,G1,G2 € D(A) and generally Gy ¢
D(A). Since S(t) € C2[0,0),b > 0, Go = Go(e%,S5,S"), G4(t) is continuous.
Thus by [53] one has fot N(t — 8)Go(s)ds € D(A). By Lemma 2.2.1, one can

converts (2.2.7) to an integral equation:

(2.2.11) v = N(t)vo + /t N(t — s)Go(s)ds + /ot N(t = s)(Go + G1 — ik|v[*v)ds

By similar analysis as in [18], H(z,t,v) = Go + G1 + G2 + G; is locally Lipschitz

in v under the norm of D(A) uniformly on [0,T] where G3(z,t,v) = —ik|v|?v.

Also for each v € D(A), H is continuous from [0, T'] into D(A). Thus one can use

Theorem 6.1.7 in [53] to obtain the following local existence-uniqueness theorem.
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THEOREM 2.2.2 (LoCAL EXISTENCE-UNIQUENESS). For R(t) € C?,uo(z) € H?,
there exists a unique classical solution v for equation (2.2.5) (hence u for equa-
tion (2.1.2)) such that v,u € C*([0,Ta), D(A)) N L2([0,Ta), D(A)) with either
lim [|u||p(ay = o0 as t — T or Ty = oo.

Next we shall prove that the local solution obtained here is indeed a global

one.

§2.3 GLOBAL EXISTENCE.

The main objective in this section is to establish global existence for (2.1.2). Let
u be a solution to the NLS. The following identities were established in [18] (recall

that Q(t) = u(0,t), P(t) = uz(0,t), R(t) = P(t) + aQ(t)):

t ———
(2.3.1) Il = luol} ~27m | Pr)@GYdr
k k t —
(232) W= Shulld = ol - gluolli - 2Re [ P(rY@TYar
0
oo oo . t
(2.3.3) /0 uﬂ'da::/0 uoﬁ{,d:v—/o Q(T)Q'(r)dr

t t
+z'/ |P(7))?dr + zg/. |Q(7)|*dr
0 0
The boundary condition here is different from that in [18] but still we could use

the above estimates and replace P(t) by R(t) — aQ(%).

PROPOSITION 2.3.1. For any T > 0, assume R(t) € C',up € H! and the initial-
boundary data satisfy necessary compatibility conditions at ¢ =t = 0. Then ||u,

and ||u'||2 are bounded on [0, T).
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PROOF: Since R(t) € C?, there exists Ry > 0 such that for t € [0, T}, |R(¢)| +
|R'(#)] £ Ry. Now up € H'0,00), by (2.1.5), there exists A > 0 such that
[lwoll < Allubllz]|uol|3- Take the real part of (2.3.3) and use the Cauchy-Schwartz

inequality,

(2.3.4) Re fw uii'dz = Re /00 ugiigde — Re /t Q(T)Q'(r)dr
0 0 0

= Re [ uihds - 31QE)F - 1QO)P)

Thus

(2.3.5) |Q(t)|2 = |Q(0)|* + Re /oo uotigdz — Re/oo ut'dz
0 0

oo
= luaO)F* + 1 lluolls — Re |~ ua'ds < o+ el
0

From (2.3.1), (2.3.5)

(2.3.6) llull = llwollz ~ 2Im /0 (R(r) — aQ(m))Q(r)dr

= ol ~ 2t [ Br)Q(r)er
t t
< fuol} +2( [ [ROPan([ l@(n)Pan?
t 4
< ol +2( [ IR [ (oo + il )ir)}
< ol + 2 [ 1R o)t + 2 1REPar ([ ol
< |luoll3 + 2VTRo(coT)? + 2VERo( /0 t llellzlle’||2dr)*

t
= e+ 2iRo( [ fullllfadr)}
0
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From (2.3.2), (2.3.5)

k k t -
(2.3.7) o1 = el + sl — ol ~ 2Re [ P(I@Yar

el + ¢ — 2ReP(£)Q(t) + 2ReP(0)((0) + 2Re /0 P'(r)Q(r)dr

N &

= 2 ullf + c— 2Re(R(z) ~ a@(®)Q(t) + 2Re(R(0) — Q(0))Q(0)
+2Re [ (R(r) - @ (r)Q(r)ir
= llull + ¢ — 2ReR(IQ(E) + 20IQ(E) + 2Re(R(0) ~ erua(0))o(0)
+2Re /0 " R(7)0(r)dr — 2aRe /0 QD
= Elulld + ¢~ 2ReR(VQ(2) + 201QEOF? + 2ReR(0)70(0) — 20lus(0)
+2Re [ R()Q)ir - alQU) + Q)P
= Lllulld + e~ 2ReR(OQ() + Q) +2ReR(0)T0(0)

—aluo(0)[? + 2Re /0 R(1)O(r)dr

Ld

t
< GHullf + ¢ +1allQPE + 2RolQ(0)] + 2 [ Rol@(r)lir

t
< |-2k—|llulli+c’+IaIIQ(t)I2+R§+|Q(t)|2+ /0 (RE + |Q(r)|?)dr

L]
2
By (2.1.5) there exists A > 0 such that [|u]|f < Al|e'||2]|u||3. Thus (2.3.7) becomes

(using (2.3.5),0<t<T) )

1
< Bl + ¢ + (lal + DIQW)P + B2 + BT + / IQ(r)dr
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k
(2.3.8) 't < B aluld + ¢ + ol + 1)(eo + lullzie'll)

1
FREA+T)+ [ o+ Julllvlo)ar
0
-, |k ‘
<o+ Bl + (ol + Dllllali'le + [ fulllladr
By (2.3.6) one has
t
(23.9) Il < &+ 2VER( | ullalluladr)?
0

t
< max(28, 4VERo( [ Jullol'ladr)?)
0

Let
(2.3.10) f(t) = sup [lull2,9(t) = sup [|o/|2
0<r<t <7<t

Then (2.3.9) implies

,
(2311)  f(t) = sup [l < sup max{2e+2v/FRa( [ ulelladr)t)
0<r<Lt o<r<t 0

t
< max{26,4VARo( | l1ullal'lladr)?)
0

< max{2¢,4¢Ro(f(t)g(t)) ¥}

If 2& > 4tRo(f(t)g(£))* then (2.3.11) implies

(2:3.12) (6 = (7(2)} < (20}
Otherwise
(2.3.13) F2(t) < 4Rot(f(t)g(t))'li
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which implies that

(2.3.14) F3(t) < 16Rx:t%g(t)

In any event, by combining (2.3.12) and (2.3.14) one obtains

(2.3.15) F3(t) < max{(¢)%, 16Rot2g(t)} < (26)% + 16R2t%¢(t)
(2.3.12) and (2.3.14) also imply that

(2.3.16) F2(t) < 26+ (16R32g(2))3

By (2.3.8) and (2.3.15)

L T
(2.3.17) ¢g*(t) < sup [c+—|2|/\IIU’II2IIUII3+(Ia|+1)IIUIlzllu'II2+/ l[elizlle’ llzd7]
0<r<t 0

<o+ Bl +al + D000 + [ Sratrrar
<+ gy (ea)t +16R3%(2)

+3@(al + 0270 + 3 ED) + [ rratryin
<o+ 2 + 220 + R (oen

Hial + 17720 + 3570 + [ Sr)a(r)ar

+36°(0) + SHAREPOF + (] +1°2() + [ ' Hr)a(r)dr

o

Hence

(2.3.18)  g*(t) < &+ 32|k|AR 2% (t) + 4(laf + 1)2F2(2) + 4 /0 t 9(r)f(r)dr
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Let 0 =ty < t; < ta...... < t, = T such that

(2.3.19) 0,1,2,...,n—1

1 .
tiv1 — i < ————, i =
i N
Consider 0 <t < t;. Then (2.3.18) becomes (using (2.3.16))
1 t
() S &+ 500 + 4ol + V2O +4 [ a(r)f(r)ar
1 2 ¢
< 8 9% +4(lol + 128 + (6REF9(0) +4 [ g(r)f(r)dr
0

<&+ 3P0+ als@)t +4 [ anrdr

If g(t) > 1 then (g(t))% < g(t). If g(t) < 1 then (g(t))% < 1. In any event,
(g(t))§ < g(t)+ 1. Thus

(2.3.20) P <&+ %g2(t) +&(g(t)+1)+4 /0 g(r)f(r)dr
<@+ 300 + 3@+ 3G + 4 [ an)rar

Therefore

(2.3.21) g%(t) <4(& + & + %éﬁ) + 16 /0 g(m)f(r)dr =c+16 /0 t g(r)f(r)dr

By (2.3.9)

(23.22) £ < sup @+ 2VERa( [ Jullallladr)?
ST 0

t t
< &4 2VTRy( /0 llellzllu’ll2dr)? < &4 2VTRo( /0 f(r)g(r)dr)?

4
<G+ TR:+ / f(r)g(r)dr
0
Add (2.3.21), (2.3.22) together
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(2.3.23) lullfz < sup flu(GT)IE+ sup [lua(,7)IIZ < F2(2) + 4°(2)
0<r<t 0<r<t

t t
<+ TR+ / f()g(r)dr +c + 16 / o(r)f(r)dr

<¢+ 3 [+

By Gronwall lemma,

(2.3.24) lull2 2 < F2(8) + ¢%(2) < e®5t < /25T < M

for 0 <t <t; < T. One could repeat the above process for t; < ¢ < #3 to conclude
that [|u||? , is bounded on [t1,22]. By induction, ||u||}, is bounded on [t;, ;1] for
1=1,2,.c.yn—1, i€ ||u)|2 < Mo, ||u'||2 < My on [0,T)]. Thus ||u|e is bounded
on [0, T] via (2.1.5) by setting j =0,p=o00,r =2,m=2,g=2,a= %

~ 1 1 ~
(2.3.25) [elleo < Allell l'llF < AV Mo

and our proof is now complete. Q.E.D.

THEOREM 2.3.2 (GLOBAL EXISTENCE). Under the assumptions of Theorem
2.2.2, the local solution u of NLS (2.1.2) is a global solution, i.e. Tpr = oo.

PROOF: By Theorem 2.2.2, it suffices to show that for any T > 0, |lul|z,2 is
bounded on [0,T]. Since v = u — S(t)e~2%, |ju[l1,2 < VM, one has also ||v]|, < ¢
and ||v'||2 £ ¢ for p > 2 by (2.1.5). From (2.2.9) and the definition of H(z,t,v) =
Go + G1 + G2 + G5 one has

(2.3.26) ve(t) = (N(t)vo)e + N(t)H(z,0,v0) + /Dt N(t)Hs(z,t — s,v)ds
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= N(t)Avo + N(t)H(z,0,v0) + /o.t N(t — s)Hy(z,s,v)ds

Since N(t) is a contraction semigroup on L2,
t
(2.3.27) [loe(®ll2 < [l Avollz + | H (2,0, vo)ll2 +/ | Ha(z, 5, v)ds||2ds
0
t
<at [ 16HE) +GH(6) + G3(6) + Gis)lads
0

Since S(t) € C?[0,0), (2.2.6) implies (for ¢ € [0, T]) that

(2.3.28) IGL @2 <

By (2.2.7), G(t) = k(S,S',e~%%,v,v;). Since ||v||2 is bounded and S € C?, one
has

(2.3.29) IG1(®)llz < €2 + eallve(?)|l2

By the same reason, one readily obtains

(2.3.30) IGLDll2 £ ca + es]lve(?)]2

for n = 2,3. Thus (2.3.27) becomes

t t
(2.3.31) loe@)]]2 £ ¢ +/ (& + é|lvs(s)]]2)ds < ' + &T + 6/ lvs(s)||2ds
0 0

on [0,T]. By Gronwall lemma one concludes ||v¢(t)||2 < €. Now by (2.2.5) one has

(2.3.32) lvzzllz < [[ve(B)ll2 + lliav + Go + G1 + G2 + Gsl[2 < ¢
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because ||v||, is bounded. Thus ||v||2,2 is bounded on [0,T] for any T. Hence v
is the global solution to (2.2.5) and u is the global solution to (2.1.2) via v =
u — S(t)e~b*. Q.E.D.

The PDE method to show the global existence of (2.1.2) is an approach
different from the IST method in [23]. Along with [18], we try to provide some

answers to the questions raised in [32]. We expect well-posedness of (2.1.2) will

hold.
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Chapter 3.
THE FULL-LINE PROBLEM FOR
THE GINZBURG-LANDAU EQUATION (GL)

§3.1 ON THE GINZBURG-LANDAU EQUATION.

The Ginzburg-Landau equation (GL)

(3.1.1) ur = (v + ia)uzz — (& + i8)|ul?u + yu

is a modulation equation describing the nonlinear development of unstable waves
in many physical systems (such as hydrodynamics) or chemical systems in which
some kind of turbulence appears. (cf. [7,20,21,30,34,35,39,43-47,58)). It was origi-
nally derived by A. Newell in [42] and used to study parallel flow stability problem
[29,55]. By studying the long-time behavior of solutions to the GL equation it was
shown that a finite-dimensional attractor captures all the solutions (cf. [27]). The
GL equation on periodic domain was studied to investigate possible soft and hard
turbulence (cf.[6]) where a series of interesting estimates were given. The Cauchy
problem for the GL equation with bounded domain and zero boundary condi-
tion or zero normal derivative boundary condition is well-posed by using classical
techniques of nonlinear parabolic equations (cf.[38]). On the other hand, the
initial-boundary value problem for nonlinear Schédinger equation (which in some
sense, is a special Ginzburg-Landau equation) was examined in [18] and Chapter
1 where global existence-uniqueness and well-posedness were established. Though
the NLS looks like a special GL equation, they are quite different. Because of
the appearance of the dissipative term, the Ginzburg-Landau equation does not

possess Hamiltonian structure and conserved quantities. Hence it is no longer an
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intergrable system like NLS. In fact, our results on the GL equation in this chap-
ter and next chapter do not cover NLS. We shall, first of all, study the Cauchy -
problem for the following GL equation (so-called full-line problem):

(3.1.2) ue = (v + ia)uzs — (£ +i0)|ul?u + yu,v > 0,k > 0

—0<2<00,0L{t <00

with u(z,0) = uo(z) € H%(—00,00). In §3.2 we shall extend global existence theo-
rem of the Cauchy problem for the GL equation in bounded domain to unbounded

domain. The following notations are used throughout this chapter:

(3.1.3) e =1 lua(e, )P dal
(3:14) lulle =1/ lute, st

(3:19) s =1 3 |Dtu(ast)Past}

® lgl<m

§3.2 GLOBAL SOLUTIONS.

We shall study the following initial-value problem for the GL equation:
(3.2.1) ur = (Vv + ia)uzy — (£ +i8)|ul?u + yu

with v > 0, > 0,u(z,0) = ug(z) € HZ(R2). For results in case Q is a finite domain
with zero boundary condition see [27]. Now we shall assume Q = (—o00,00). First
let us check A = (v + ¢a)D? is a semi-group generator with D(A) =F = {u:u €
L2 u,,; € L?}. For u € D(A), f € L?, one has
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(3.2.2) (O = Ay, u) = /_ :(Au — (v + ia)uae)idz

00 (e o]
= M|ullz — (v + ia)u,u l +(v+ z'a)/ Uzl d
= Alullz + (v + ie)l|'lI3

Let us check A — A is 1-1 and onto for A > 0. From (3.2.2) one has

*) (X = A)u,u)| 2 Mulf + viju'llz 2 min{), v} |ulif

By Theorem 2.3.3 of [11], (*) implies that for A > 0, A — A maps D(A) 1-1 onto
L? and the resolvent set of A contains Rt. (See also Theorem 1.9.2 of [12].) Now
take the real part of (3.2.2)

3.23) - Re((A — A)u,u) = A[ullf + v[lw'||7 = Mlul3

Thus ||(A — A)7!|| £ . By Hille-Yosida, A generates a strongly continuous

contraction semigroup (cf.[53]) N(2) = exp{At} and one can write

(3.2.4) u(t) = N(t)uo + /0 Nt — 8)((% + iB)[ulu + yu)ds

For H(u) = —(k +i0)|u|?u + yu and u,v € F, one has (similar to (2.7) in [18])

|H(w) — H)|lz,2 < e(llull2,2 + [[vllz,2)llw = vll2,2 + Iyl — v]l2,2

Thus local Lipschitz condition on H is satisfied. Thus the basic theorems in §§6.1
and §§8.1 of [53] can be adopted here. One has
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THEOREM 3.2.1. Given ug(z) € H%(—00,00), (3.2.1) with initial data u(z,0) =
ug(z) € H?(—oo,00) has a unique classical solution u € C'(L?(—o0,00)) N

C%(H?(—o00,0)) on [0, Tar) with either Tpr = oo or limt__’T;l |lullF = oo.

To prove the global existence, we need some estimates on ||u||z, ||u'||2. First

note

(3.25) 3,/ |u|2d:z: =/ (utﬁ+uﬁt)dm
= [+ o= (o i)l +1lul)dz

+ [ (= i0)asu = (5= Bl +7luf?)d

oo (o o]
=w+ia)ua| + (v —ia)isu | — 2 lulld
-0 — 00
+27lull — (v + ia)lu'l3 — (v — ia)[|u']l3

= —2«l|ullg + 27/|ull - 2vl«']13

Thus (3.2.5) implies that 9;||u||3 < 2y||u||Z and ||u|} < [Juol|} + 27 fot ||u||3dr. By

Gronwall lemma,
(3.2.6) el < fluollFe® ™ < M

for 0 <t < T. Now one uses integration by parts to get

327 &, / /|2 = / (Untiin + Ualiae)dz — / (Usias + tooiie)dz

-—00

o0
- / (v +ia)luzs]? — (& + iB)[u[uiiss + Yulizs)ds
—00

- / (v = i0)luse]? = (k — iB)[u[PBtas + Yiitse)dz
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o0

oo
= —20||uzz||2 + 2nRe/ |u|?uti, dz — 2ﬁIm/ |ulPutiz dz
[o o] -0

o0 o0

> 2 > 2
—'yuﬁzl +'y/ [ez] dx-—'yﬂuzl +7/ |uz|*dz
—00 —00 -0

-—00

[ o] oo
= 9w fuse2 + 29|w/|2 + 26 Re / wiiyods — 2BIm / lu[?uyodz
[o o] -—00

Let m = 2« + 2|8|,6 = 2. Then (3.2.7) becomes

o0
(28) Ol < —2wlussl+ 2yl +m [ ulfaaalde
—00

2 I * |“|6 |“z=|2
< =2v||uzq|l3 + 27||u'||2 + m (5 + —5—0)dz
—eo 26 2
2 "2 m? 6 2
S =2luzally + 2vllullz + 2 llulle + ezl

2 "ne m? 6
= —vlluasllf + 2113 + T llull

Thus

t t m2 [t
629 IwIF < WhlE - v [ fueslar +2y [ fuiger+ 5 [ uliar
By Gagliardo-Nirenberg estimates (cf. [50]), there exists A > 0 such that
(3.2.10) llullg < M IZllwllz
for all u. Use (3.2.6) to obtain
(3.2.11) lullg < Al lullz < Mu'lIZ242

Put (3.2.11) into (3.2.9) one has

t t 2 t
m
(3:2:12) W < sl = [ ueelier +20) [ 'Bar+ 5 [ Mo/ lgae2ar
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t mz t
< Il + [ @b+ ToAMD Idr = sl +co [ Iw'far

By Gronwall lemma, for 0 < t < T there exists Cy > 0 such that

(3.2.13) Nu'll < llupllZe** < lluplife™™ < Co

Thus by estimates in [50], one uses (2.2.6) and (2.2.13) to get

1 1 1
(3.2.14) [ulleo < dollullZ [[wllF < Ao(MCo)* =C

Since N is also a contraction operator in F' = D(A), by (3.2.4) one has

(32.15)  lu(@®llr < [N@)uolF + /0 [Nt = s)(—(k + iB)lul*u + yu)|| rds

t
< luollz + [ (@l + ulir)ds
0

Since F-norm is equivalent to H%-norm, one has (using (3.2.14))

t
(3.2.16) [u(®llz < allullr < cluollr + | (@l +<ule)ds
0

t t
et [ @l +lulagds < 2+ m' [ @ullelulze +¢lulza)ds
0 0

t t
<é+ m'/ (EC?|ull2,2 + '||u]l2,2)ds < &+ ﬁl/ lullz,2ds
0 0

By Gronwall lemma again one concludes that for 0 <t < T

(3.2.17) llullz,2 < ée™ < ée™T < oo

Thus for any T' > 0, ||u||2,2 < oo for 0 < ¢ < T. Therefore the solution u of (3.2.1)

is global solution and we have completed the proof of the following result:
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THEOREM 3.2.2. For the full-line Ginzburg-Landau problem (3.2.1), there exists

a unique global classical solution, i.e. Ty = oo in Theorem 3.2.1.

COROLLARY 3.2.3. Assume v < 0, then ||u||3 < |[uo||} for all t. Further, if

v < ——f‘%/\”uo”% wherem = 2x+-2|| then ||v'||Z < ||ubl|3 thus |u(z,t)| is uniformly
bounded on the whole quarter plane 0 <1 < 00,0 < z < o0.

PROOF: From (3.2.5) one has &|[u||} < 2v|u|j? < 0 thus [ju|3 < ||uol|3. If one

sets § = 2 then (3.2.8) can be improved as

oo 6
(3218) A1 < ~2vlucsl + 2r B+ m [ (L Lozlgya,
0

2
m
< ~2uffuelld + 271+ g + 2vlfuel

mz . M2 6 mez . M meu,, 114
= 29||u'[|3 + o= llulls < 27"z + —=Allu’[[3]]u]|2
8v 8v

via (3.2.10). Now use ||u]|Z < [|uo]|3 to obtain

2
m
(3.2.19) Bellw'llz < 2vllw'llz + 5 Alw [ llwollz < 0

Thus (3.2.19) implies ||u'||2 is bounded and by (3.2.14) one concludes ||ul|s is
bounded for all 0 < z,t < 0. Q.E.D.

REMARK 3.2.4. By Corollary (3.2.3) one notes in case ¥ < 0 there is a small
initial norm condition ||ug|l2 < 2(%’;—71-)'} that promises uniform boundedness of
lull2; |v']l2 and ||ullco. As we stated before, the initial-value problem for the
Ginzburg-Landau equation with finite domain and zero boundary condition was
solved in [27] but with approach other than semi-group technique here and the

results are slightly different.
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Chapter 4.
THE HALF-LINE PROBLEM FOR
THE GINZBURG-LANDAU EQUATION

In this chapter, we shall investigate the solvability of the initial-boundary value
problem (so-called half-line problem) for the Ginzburg-Landau equation (0 <
z < 00,0 < ¢t < oo) with initial and boundary data ug(0) = Q(0),up €
H2[0,00),Q(t) € C%[0,00). We shall in §4.1 prove a local existence-uniqueness
theorem for the classical solution. In §4.2 we discuss the small amplitude solution
to the half-line problem and give a criteria in terms of small initial-boundary data
that one obtains a small amplitide solution (thus blow-up will not occur) on [0, 7).
In §4.3 and §4.4 we prove that for |8] < v/3k or af > 0, this local solution is also

a global one.

§4.1 LOCAL EXISTENCE THEOREM.

For the following Ginzburg-Landau equation

(4.1.1) us = (v +ia)uzr — (K +i8)|ul?u + yu

we assume that v,k > 0,a # 0 and all the other parameters 8, k are real. As in
NLS case (cf. [18]), we shall first use the standard technique of change of variables
via u = v + Q(t)e~*. Thus this substitution in (4.1.1) yields

(4.1.2) v = (V +i@)vzz — (£ + iB)|v|>v + Go + G1 + G2

v(0,t) = 0,v(z,0) = ug(z) — Q(0)e™* = vo(x) € HZ[0,00),
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Here

(4.1.3) Go=(y+v+ia)Qe™® —Q'e™® — (k +:8)|Q*Qe3*
(4.1.4) G1 = —(k +iB)(Q%e~ %% + 2|Q|*e~%%v)
(4.1.5) Ge = —(k +iB)(2Qe™*|v|? + Qe %v?)

For any T > 0, t € [0,T, clearly Gy = Go(Q,Q',e~) is uniformly bounded and
Lipschitz in ¢ with values in H?; ||G1]l2,2 < ¢||v||2,2 (and evidently G, satisfies
local Lipschitz condition). Again by ||Gz||2,2 < ¢|[v]|oo||?]|2,2 one readily concludes
that G satisfies local Lipschitz condition also. Now we work with a semigroup
generator A = (v + 1a)D?% with D(A) = {f € H?%[0,00); f(0) = 0}. One notices
D(A) is a dense subspace of W = {u € L%, uz; € L?} with a norm equivalent
to H? norm. To check A is a semigroup generator, one looks at the resolvant

Ry = (X — A)™! so consider (A — A)v = f with v(0) = 0, f € L%. Note that

(416) (A—A4A),v)= /:o(/\v — (v +ia)vzz )odz = A||v||3 + (v + ia)||v'||2

From (4.1.6) one has [((A — A)v,v)| 2 min{)\,u}||v||%[& and by Theorem 2.3.3 of
[18], the operator A — A maps D(A) 1-1 onto L? for A > 0. The resolvent set of A
contains R*. Now take the real part and using Cauchy-Schwartz inequality one
has

(4.1.7) Re((A — A)v,0) = Alollz + vllv'[[3 = AlllI3

(4.1.8) I - 47 <

S| b
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By Hille-Yosida Theorem the operator A generates a strongly continuous contrac-
tion semigroup N(t) = exp At (cf. [53]). One has generally G;,G2 € D(A) but
Go ¢ D(A). However, since we assume that @ € C?, it is clear that G)(t) is
continuous from (4.1.3). By [53] one has fot N(t — 8)Go(s)ds € D(A). Thus we

can then converts (4.1.1) to an intergral equation:

(4.1.9) o(t) = N(t)vo + /0 t N(t - $)Go(s)ds

t
+ [ N = 9)(Gr() + Gals) = (s + iB)loPo)ds
0
By same arguments in [18], one has

THEOREM 4.1.1. Given v,k > 0,a # 0,u¢ € H?[0,00),Q € C?[0,0),Q(0) =
20(0), the equation (4.1.2) for v (hence (4.1.1) for u) has a unique classical solution
v (and u) in C*([0, Tar), L2[0, 00)) N C°([0, Tar), H2[0, 00)) with either Tyy = oo

or lim;_,T,, ||v]|2,2 = oo.

§4.2 SMALL AMPLITUDE SOLUTION.

Unlike NLS, the global existence of solution to the half-line problem for the GL
equation (4.1.1) generally is unknown. However one could study the small am-
plitude solution on any fixed interval [0,T). These solutions are close to zero at
each point in the whole space (with ¢ < T'). Such solutions arise in many physical
peoblems when one perturbs around the zero state then one is intersted in the
small-amplitude solutions of the perturbation equation (cf. [57]). We shall use
the classical method to determine the criteria of small initial-boundary condition
that promises the existence of small amplitude solution of the GL equation on
any finite interval. Though the solution obtained is not global, it does eliminate

a possible blow-up on [0, T7].
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In this section we shall assume the initial data and boundary data are suf-
ficiently small on fixed [0, 7] with certain norm. We try to prove that ||u||z and
||'||2 are small on [0, T'] thus to obtain a small amplitude solution and to prevent

a blow-up. Let € > 0 be small and

T
(4.2.1) 1@l zr2p0,11 = (/0 QP +1Q'12)dr)? < ¢, |uoll1z < €

We need to prove following estimates similar to (3.1) of [18].

LEMMA 4.2.1. For Q € C? one has
t -
(@) Nullf = lluoll3 +/0 (=2Re(v +ia)P(T)Q(7) — 2v||u'l|3 — 2&|ulls + 27 |u]|3)dr

(if) ll'llz = llusll + /0 (—2ReQ'(r)P(7) — 2yReQ(7)P(r))dr

i oo oo
+ / (=2 |[uss|l? + 2v]|w/|1Z + 25 Re / lu[?uiissdz — 28Tm / fu[?uzs da]dr
0 0 0

(iii) /ooo ui'dr = /000 uptigdzr — /ot Q(7)Q'(r)dr

t t
—ia [ [P(r)Pdr +i3p [ 1Q(1ar

t oo (o) ©0
+/ [V2z'Im/ u"ﬁzdm—chz'Im/ |u|2uﬁ,da:+'y2z'Im/ uiig)dr
0 0 0 0

PROOF: First by (4.1.1) and intergrating by parts

(4.2.2) B[l = / (usl + Teu)dz
0
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_ / 1w + i0)uaed — (& + iB)ul* + ylu2)ds
0
+ /oo[u(u — @)tz — u(k — i6)|u)?@ + v|u|*|dz
0
= (v +ioJusa | - @il + (v = i@aeu | — (v - ia)llu'|3
—(k = iB)lullf — (& + iB)llullg + 27 [lull3
= —(v +ia)P(1)Q(t) — (v — ia) P(t)Q(t) — 2v||w'||3 — 2«[lul|f + 2y|lu|l3
— —2Re(v + i) P()Q(t) — I3 — 2xljulld + 2fu]

Thus
t
(4.2.3) [lull = llwoliz+ /0 (—2Re(v+ia)P()Q()—2v|[v'||3—2k||ul|3+27]u||Z)dr

This is (i). For (ii), one uses intergration by parts to find

o0
(4.2.4) Bl ||2 = / (Uorliz + Uziipi)dz
0

= utﬁz | = -—/ utiiud:l: + u,ﬁt I = —-/ umﬁtd:v
0 0 0 0
= _Q't)B(t) - / (v + i0)luasl? — (¢ + iB)[uPuiine + Yuiise]ds
0
_PE)J'(2) - / (v = i0)uasl? = (¢ — iB)|uP e + yuiicelds
0
— —2ReP(£)Q'(t) — 2v[uss||? + 2xRe / lu[2uii;odz — 28Im / |u[2uitzodz
0 0

— YUl g

* e _win | °° "2
= ol — e |l
_ [ =]
= —2ReP(t)Q'(t) — 2v||luz||? + 2nRe/ |u[?uiiy dz
0

~26 [ luPutzads - 27RePEQ() + 2113
(1]
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Thus
(4.2.5) u'|12 = Jlub2 — 2 / ReQ'(r)B(r)d
+ /0 (=2vReQ(7)P(7))dr

1 co 0
+/ [—2v||uzz]|? + 27’13 + 2nRe/ |u|?uiiz dz — 2,3Im/ |u|?uiiz dz]dr
0 0 0

and we proved (ii). Finally for (iii),

oo [+ ]
(4.2.6) ) / wiipdz = / (usy + wiiee)ds
0 0
[+ o] 00 o0
= / Ul dT + Uy I — / U UdT
0 0 0
_ o0
=-Q@®)Q'(t) + / (v +ia)uzriiz — (& +iB)|u|?uii; + yuii,)dz
0
oo
- / (v = i0)tizzuz — (& — iB)|u|*tdu, + yau]dz
0
=-QQ" + 2uiIm/ Uzl dx + 2aiRe/ Uz Uz dT
0 0
oo oo oo
—Zm'Im/ |u|?uii dz — ZﬂiRe/ |u|?uii dz + 2'7iIm/ vl dz
0 0 0
_ o0 [ o]
=-QQ + 21/2'Im/ Ugzliydr + ai/ Or|uz|?de
0 0
o0 o0 o0
—2m'Im/ |u|>utidz — ,Bz'/ |u|0; [ul®dz + 27z'Im/ ulizdz
0 0 0
=—-QQ' + 2V2'Im/ Uzl dz — ai| P)?
0
o o] 1 [> =]
—2m'Im/ |u|2uti dz + 5,32'|Q|4 +27iIm/ ulidz
0 0
Therefore
(-] 0o t
(4.2.7) / uit'dz = / uptigdz — / Q(7)Q'(r)dr
0 0 0
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. 1, [t
—za/o |P(‘r)|2d‘r+z§ﬁ/0 |Q(D)| dr

t oo (=] (=]
+/ [u2z'Im/ uuﬁ,,.dw—rs:ZiIm/ |u|2uﬁzdm+72z'Im/ ulig]dr
0 0 0 0

The proof is completed. Q.E.D.

Note Lemma 4.2.1 is very similar to Lemma 3.1 of [18], but with more com-
plicated terms because of the presence of v and « terms in the GL equation. By
(4.2.1) and the estimates in [50], there esists constants A > 0,a > 0,b > 0 such
that

(4.2.8) lullg < Allu'lIZllllz

T T T T
(4.2.9) / IQI“dTSa(/O |Q'|2dr)%(/0 |Q|2dr)%+b(/o IQPdr)? < act + be

We shall assume that 4 = 0 in this section for similicity (otherwise the estimates
will become more complicated but does not affect the result). Let 0 < ¢ < T. By
(4.2.1), (4.2.3) and the Cauchy-Schwartz inequality,

@210) [l < Juoll3 +2(v + le)( / |P(r)Pdr)¥( / 1Q(r)Pdr)}

1
- / @v]e'|12 + 26ljul|$)dr
0

t t
<+ 20+ lal)( | IP(Pdryte 20 [ wigar
0 0

By (4.2.5),

t
(4.2.11) l'llZ < lluoll +2(x + 18]) /o llullEllzz]lzdr

20 [ uselfir +2( [ 1@/ans}( [ P Par?
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t t t 6
<t 2 [ 1PIPar)E — 2w [ uealBdr + o+ 161) [ LS8 . g yar
o 0 0
t t t
= € + 2¢( / \P(r)Pdr)} ~ v / el + ZE A / lullgdr
0 0 0
Here 6 = 31- By (4.2.8), (4.2.11) becomes
t 1
(4.2.12) W12 < & + 2¢( / |P(r)[2dr)}
0
t K+ IB t
— [ Nuealar + ZEP [ puptar
0 0
Combine (4.2.10) and (4.2.12)
t
(4.2.13) llull 2 = llullf + '3 < 2€% +2(v + || + 1)6(/0 |P(7)|dr)*

t IC"*' ﬂ t t
~2v [ 1wt + SEE [ pgtar v [ fucaliar

t t &
R 1 [
<2a e[ PP+ [ 12w+ s - vl lBldr

Here

A ~_ ok+]8] v
(4.2.14) é=2(1+v+|al),é=2 5 /\’6—l€+|,3|
By (4.2.7),

4 oo (o3 t
(4.2.15) o] /o |P(7))%dr < | /0 uotigdz| + | /0 uﬁ’dx|+|§i| /0 |Q(7)|*dr

4 t 4
] / Q)@ )dr| + 2 / [eetia]ladr + 26 / [uPus | dr
0 0 0
Apply (4.2.8),(4.2.9) to (4.2.15)
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t 1 t
(4216) o / IP(r)l2dr < 118 / 1Q(P)Adr + lwollallubllz + lullzllell

1 t 1 t
+20 [ sl ladr + 26 [ fulfle’ladr + ([ 1QPanA [ 1@nRan?

-

< 518l(ac* + be) + 5 (||“0||2+”“0||2)+ (llu||z+llu'llz)

L\‘J

+20 [ ueolalladr +26 [ VAol e + &
0 G

1 1 1 t ¢
< 5161(aet +b6) + 56+ €+ Gull o+ 25 [ usallal'ladr + 26X [ fulld e
0 0

Since € < 1, one can, without loss of generality, assume that e < 1. Then (4.2.16)

becomes
4.2.17 / P ar)t < [Pliaet +be) 4 3¢ 4 MMz
(4.2.17) (j, 1P(IFdr)? < [[2( )2|| ol
2 [t 2,“/"
4 [ usala adr + 202 / el ]
18| llull3 2

< ——(a+b) +2 +

<é ’€+

, R Ry R

21 (¢ [ Tl lade)? + eo [ Tl pir)?
v

Here

_ 18] 3 2v 26v/A
G+ b)+ oo = gy = V2
=@t e =

Put (4.2.17) in (4.2.13) (e < 1)

(4.2.18)

(4219)  |ul, <26 + esfeve+ f/”‘_%( / luzslz ' ll2dr)? )
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is a small amplitude solution with |[u[|},; < 2Me=.
function with M(0) < Me? by (4.2.22).
continuity of M(t) one can find t € [0,7] such that M(t) = 2Me5.

t t
A 1 1,
+eteo [ Nullzdn)?t + [ (20l + G2lull; - vlusslir

1 2.0
<26 aoet + 2o ) 4 2ull, + 30 4 ] / lucellzllull2dr

5o
€f)?cy 1 1.
04 2l g+ [ 20+ s ~ vluae B

M 1 v [*
< e+l + 5 [ el + 1w/ 1B)ar
2 2 4 Jo

41 ¢ 1,
+3 / llullz2 + /0 (=2vllw')3 + Selulli,z — vliusasliF)dr
<Mt Diula+ 3 [ Multadr + 35 [l e
s g taluliztg | , 2" Jo ’
Here
A2 &2¢!
(4.2.20) M=442&+ 75—+ — + &%
2|a| v
Rearrange (4.2.19)
s t
(4.2.21) Julllz < Mez + /0 (Nlullt 2 + llull3 2 )dr

Let M(t) = supy<yr<t ||4]1} » then (4.2.21) implies (noting 0 <t < T)

t
(4.2.22) M(t) < Mez + sup | (lullfz + &ullf)dr
o<t<t Jo

t
< M+ / (M2(r) + M3 (r))dr < Me} + TM2(t) + eTM3(2)
0

We shall claim that if € < (m)%, € < 1 then our solution u on [0, T)]

3
2

(4.2.22)
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If our claim does not hold then by
Thus by



(4.2.23) 2Me% = M(t) < Me? + TM?(t) + ETM5(¢)
= Me? + T(2Me?)? 4 &T(2Me?)?
Thus (noting € < 1)
(4.2.24) 1 < 2T(2Me?) + 26T(2Me3 ) < ATMe? + 8TM2§(e? )?

< ATMe? + 8TM?Ge? = (4TM + 8T M28)es < 1

which is a contradiction. Now by estimates in [50], there exists X > 0 such that

- 1 1 1
(4.2.25) lulloo < All'llz llullz < S [l2 + [ll2)

< IWVM@) < AV2Me? <

By similar estimates like (4.2), (4.3) of [18] and Gronwall lemma (see the proof
of Theorem 4.1 in [18]), one has ||u||2,2 < ¢ on [0,T]. Thus we have proved the

following result

THEOREM 4.2.2 (SMALL AMPLITUDE SOLUTION). If the initial-boundary data
luoll1,z < € l|@a10, 7y < € With v = 0,6 < 1,e < (W&ﬁm)% where M, ¢
are given by (4.2.20) and (4.2.14), then the unique classical solution of the GL
equation (4.1.1) u € C°(H?[0,00)) N C1(L?[0,00)) exists for t € [0,T). Further,
this solution has small amplitude ||u|);,2 < 2Me$ and ||u|eo < 3V2Me3 on [0,T]
where X is determined by (4.2.25).

We shall note that small initial-boundary data on [0, T’] will produce a small
amplitude solution on [0, T] to eliminate a blow-up. But it remains a question if
this solution is a global one. However, we shall show in the next section that for

certain GL equation, global solution does exist.
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§4.3 GLOBAL EXISTENCE THEOREM (I).

We shall start to show the global existence of the half-line problem for the GL
equation in case || < v/3k. To accomplish this we shall prove that for any

interval [0, T'], the norm ||u||os is bounded to conclude that ||u||2,2 is bounded. Let

Qo = ||Qllcr(o,11 = suPo<e<r(1Q()] + |Q' (D)) < o0.

LEMMA 4.3.1. For || < V3k,v,6 > 0,a # 0,0 < t < T, there exists é,é > 0

such that
t \ t.
(i) llu'l3 < [luoll3 + & /0 |P(7)|*dr)% — 2v /0 |[zz[3dr]e2! T
: ¢ 1
(i) Il < uoll +3( [ 1P(r)Par) e
0
Proor: First intergrate the following by parts:

(4.3.1)

o0 o0
2fcRe/ |u|?uiiz dz — 2ﬂIm/ |ufPutiz dz
0 0

= 2k Re|u|?uii, I :o — ZRRG/ (2uu, i + ui, )i de
0
: - -
—2BIm|ultuii, I . 2ﬂIm/ (2uu, i + u?i, )i dr
0
_ [ o]
= —2xRe|Q(t)|*Q(t)P(t) — 2K.Re/ (2] |?|uz)? + ual)dz
0

+28ImIQUPQOP®) +26Tm [ (2lullual? +u2a2)de
0
= ~26Re|QUFQP(E) + 26ImIQEFAHP()
—2kRe /Om(2|u|2|uz|2 + u?u?)dz + 28Im /0‘00 u?ade
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By setting up uii, = a + bi,u%42 = a? — b® + 2abi one observes

(4.3.2) B(t) = —2fcRe/ 2lu|uz|? + u?u)dz + ZﬂIm/ wluldz
0 0
= —ZnRe/ (2(a? + b?) + (a® — b% + 2abi))dz + 2ﬂIm/ (a® — b® + 2abi)dz
0 0

= / (—2x(3a? + %) + 2B2ab)dz = —-2&/ (3a® — %12 + b%)dz
0 0

Since |8] < V3Bk, A = (Z228)2 — 4 x 3b? = %2-(ﬂ2 — 3k%) < 0, one concludes
3a? — 2825 4 p2 > ( hence B(t) < 0 because & > 0. Then go back to (4.2.5) and
apply (4.3.1), (4.3.2) (the upshot here is B(7) < 0 for 7 > 0):

t
(4.33)  [lw'llf = lluoll? + /0 (—2RePQ' — 2YRePQ — 2v||uzs||3 + 2v|[w'[1Z)dr

t oo [o')
+/ (2nRe/ |u|2u'&"d:1:—2ﬂIm/ |u|?uiiy dz)dT
0 0 (1]
1
= b2 + / (~2RePQ' — 2yRePQ — 20||uss|2 + 2v|'||2)dr
0
t
n / (~2xRe|Q?QP + 28Im|Q|?QP + B(r))dr
0
t _ t _ 1
<lslg+2 [ 1PQUar+2 [ 1yPQldr 2 [ Jussliar
0 [1] 0
} 4 4 _
+2 [ IWldr + 20+ 161) [ 1QFIPlar
0
t 1 ¢ 1
< fluh 12 +2( / |P(r)Pdr)}( / Q' (r)Pdr)}
t 1 t 1
T2l / |P(r)dr)i( / 1Q(r)[2dr)}

t 14 £ 4 t
2 / lueellZdr + 27 / lw'|Bdr + 2(s + 81X / 1Q(r) ) ( / |P(r)2dr)}
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file:///yPQ/dr-2u

< llupllz +2Q0 VT /o |P(r)[*dr)% + 2|7|QoV'T( /0 |P(r)Pdr)3
—2v /0 luzzllZdr + 2y /0 Il lI3dr + 2(x + 1B @S VT( /0 |P(r)[?dr)?

t t t
= bl + (| 1Pr)Par)E = 20 [ usaliar +2y [ u'iBdr
0 0 0

We shall treat c, co, ¢, &, ¢', & as generic constants. By Gronwall lemma (0 <t < T)

t t
@34) I < Oupll + & [ 1P} 20 [ usslfarletT
0 0

This is (i) of Lemma 4.3.1. For (ii), one goes to (4.2.3)

(4.3.5) llull3 < Nluollz +2(v + lal)( /0 |P(r)dr)3( /0 1Q(r)|Pdr)*

t t t
~26 [ fulddr ~2v [ 1ular +2v [ julger
0 0 0
t X t
< luoll + 20 +aDQ@VT( [ 1P(r)Par)? +2y [ lullzdr
0 0

t t
= lluoll? + & / |P(r)[2dr)} + 2y / ul3dr

By Gronwall lemma,
t
(43.5) Il < Dol + & [ 1P(r)Paryjesi”
0

Thus Lemma 4.3.1 is proved. Q.E.D.
LEMMA 4.3.2. ||ul]1,2 and ||u]|c are bounded on [0, T.

ProoF: Add (4.3.4), (4.3.6) together

t t
@37)  Nulls < Ouolls + @+ 0 [ 1P(PAn: =20 [ Jusalgarieti®
0 0
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t i
= mllluoli2, + & / |P(r)2dr)} — 20 / uzel3dr]

Rewrite (4.2.7) as follows (using (4.2.8))

t 1 t
438)  |af / |P(r)Pdr < [luallallublla + llullalllle + 5161 / 1Q(r)|Adr

4 t
+| /0 Q(7)Q'(r)dr| + /0 @ullusellzliv'llz + 2llw®llzllw’llz + 2yl llellallu’ll2)dr

<

N[ =

1 1 t
luollZa + 5l + S1BIQST + Q3T + [ wlluscl + ' [R)ar

14 t
2% / VAl el Bl lldr + ] / (el + 1’| 2)dr

Thus
‘ 2 i = 2 - ‘ 2 4 2 1
439) ([ IPCIPdr)t < fen+lulls+ & [ (ol + Julls + ull Dar]?
~ 2 ~ ¢ 2 4 1 4 1 L
<[eo+éllully s + € A (lwzellz + llulli2 + 5"“”1,2 + §)d7']’
t t 1 X
<leo+full o+ [ luseldr +c [l pdr + 5713
0 0
t 1 t 1
<+l + @ [ lunelBdr)? + (e [ ullpdry?
0 0
Put (4.3.9) in (4.3.7) to get
t
(43.10) Iz < mlluoll s = 2 [ uzalar)

t t
(e + il s+ @ [ usslfdr)? + (e [l ar)®)
0 0

14
< mlluo|l? 5 + mzy — 2mu / luae|2dr
0
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1 t 1
a(mad)? 4 Sl + 5 TE 1 ~ (4m) / lussli3dr +mle [ fulld )3
0

=m'+ 5”“"{2 + mE(C/ i 2dr)?
0

Thus
t

(4.3.11) Jull» < 2+ 2mefe [ [ull )}
(1]

By squaring both sides of (4.3.11) one has

(4.3.12) |lull1 s — 4m'|jull?; + (2m")? = (lull} . — 2m')? < 4m?e / llull$ 2dr
Therefore

t
(£3.13) Il < 4l + e [l par
0

1 2 t
< GUm? + glulty +4m7e [ fulltpdr

Jull s < (em'y? + 8m2e%e [l pdr

And by Gronwall lemma,

(4.3.14) ”u”‘iz < (4ml)2esm252ct < (4ml)268m2ach
Also

~ 1 Y ~ - _
(4315)  Julleo < Ml 10} < Sl < XV ST

Thus ||¢||ec is bounded on [0,T]. Q.E.D.

THEOREM 4.3.3 (GLOBAL EXISTENCE THEOREM (I)). For uo(z) € H2,Q(t) €
C?,u0(0) = Q(0),|8| < V3k, there exists a unique global classical solution u €
C°(H?[0, 00)) N CY(L2[0, 00)) to (4.1.1).
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PRrROOF: Let us go back to (4.1.9) for @ moment. Set wo = N(t)vp + fot N(t -
8)Go(s)ds € D(A). Then

(4.3.16) o(t) = wo + /0 N(t = s)(Ga(s) + Ga(s) — (x + iB)|v|Pv)ds

Note N is a contraction semigroup in L? hence also in D(4) in graph norm.
Lemma 4.3.2 certainly implies that ||v]||coc < 00. Thus by estimates on G, G2 and
(4.3.16) one has '

-

(4.3.17) ||vllpcay < llwo + /0 N(t — s)(G1(s) + G2(s) — (k +iB)|v[*v)ds|| p(a)

t
< lwologay + [ IN(t = s)X(G1() + Ga(s) = (s + B o)lloayds
4
et [ [ealolea + calloleolivlaz + callllslvllaalds
0

t
<ca+ Cs/ |v]l2,2ds
0

Here we realize that D(A) norm is equivalent to H2 norm. By Gronwall lemma
one concludes from (4.3.17) that ||v||2,2 and ||u||2,2 are bounded on [0, T] for any

T > 0. Now we have completed the proof of global existence. Q.E.D.

REMARK 4.3.4. The following rescaled Ginzburg-Landau equation

(4.3.18) At = RA+ (1 +iv)Azz — (1 +ip)|APA

has been studied extensively (for example, see [6,21,22]) where v = ea,pu = €b. It
leads to a perturbation analysis on a complex Duffing equation. Since one assumes
€ < 1 the condition |B| < V/3k is satisfied where B = eb,x = 1. Hence Theorem
4.3.3 gives the global existence of the half-line problem (4.3.18). It should be noted
that the criterion || < /3 had been established by several authors (cf.[6,22]),
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but for different purposes. (It was shown that /3 is the critical value of u for
which there exists a v such that the homogeneous rotating wave is stable to a
sideband before the trivial solution goes unstable to the second rotating wave as

R is increased from 0.)

We expect that well-posedness of (4.1.1) holds in case |3| < v/3k via similar
method used in Chapter 1. to prove the well-posedness of the half-line problem

for NLS.

§4.4 GLOBAL EXISTENCE THEOREM (II).

We shall prove the global existence for (4.1.1) if 8 > 0, i.e. « and 8 have the
same sign. The estimates are a little different from those used in §4.3 but basic
idea remains the same, i.e. to show that ||u[|;,2 is bounded on any finite interval
[0, T]. One application of our result will lead to global existence of following initial-
boundary value problem: u; = (€ & #)uz; — (€ = ¢)|u|?u which can be regarded as
a perturbed NLS. Further, if u, solves the half-line problem for the GL equation
then v, — u under certain norm when ¢ — 0 where u solves the half-line NLS
with the same initial-boundary data.

First some estimates. From (4.1.1) one has

(4.4.1) uslly = (V + i0)uzz e — (K + i8)|ul?utis + yu

Tyus = (V + 10)izzus — (k — i8)|u|?Gus + viiu,

The difference is (after cancelling all i’s)

(4.4.2) 0 = 2Im(vuz, — &lul*u + yu)ids + 2aReu i — 28 Re|u|?ui,
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Integrate from 0 to oo

o0
(4.4.3) 0= / 2Im(vuz, — klu|?u + yu)tddz
0

o0 o0
+/ 2aReu  iiidz — / 2BRe|ulPuiidz
0 0
o0
- / O Im(vitzs — klultu + Yu)(¥ — i)Ess — (k — iB)|ul?E + y2)dz
0
oo oo 00
4+2aReu s | o 2aRe/ U sz dT — ﬁ/ |u|20;|u|?dz
0 0
e ]
= / 2Im|(v? — iaw)|uzz|® — k(v — i0)|Ju|?ultzy + Y(v — ia)uliz |dz
0
oo
+/ 2Im[—v(k — if)|u|*tuzs + (k — iB)|ul® — v(k — iB)|u|* + yvu . d]dz
0 A

+ [ 2Iml—wvlult 47 ullds - 2aReP(OQ'(®) — @bl - 560 ull
0

Rearranging (4.4.3)

1 _ [ ]
(444)  Oalu'lg + 3Blullt) = ~2aRePQ + [ ~200fusal?ds - 2nBlul
+2Im/ [k(Ga — v)|u*uiizz + v(iB — k)|u|*tus.]dx
0

+2Im/ (v — ta@)utizy + yvuz,i)de
0

Write

(4.4.5) [u|?utizz = A + Bi, |u|?tuz, = A — Bi

then (4.4.4) becomes

(446)  Ou(alw'l} + 3Bllulld) = ~2aRePQ' — 2alfusel3 — 208w
+2Im /0 " [k(ic = v)(A + Bi) + v(if — £)(A — Bi)jdz
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+2Im[y(v — ia)uil, + Yvu i) I :o —2Im /ooo['y(u —ia)|ug|* +yv|uz|?ldz
= —2aRePQ' — 2av||uzs||f — 26| ullg

+2Im /ooo(Am'a — kvA — Bak — kvBi 4+ vifA — veA + vBB + veBi)dz

—2lmly(v — ia)QP +7wPG] + 2valu'|}
= —2aRePQ' — 20v||ugz || — 268||ul|s + 2 /0 " (Aak + AvB)ds
—2Imyu(QP + PQ) — 2Im(—iav@P) + 2yau'|
= ~2aReP — dav|juad} — 268llulS
+2(ka + vf) /000 Re|u|?uiiy-dz + 2a7ReQP + 2va||u'|)?

Hence

1
(4.4.7) Oulellw'll3 + 5Allully) + 20vfjuse|f + 268lu]is

= —2aRePQ' + 2ayReQP + 2va|v'||? + 2(ka + vfB) /0°° Relu|*uit;zdz
= —2aRePQ' + 207ReQP + 2val[u'||2
+2(rka + vB)[Relul*ui, ' :o ~Re ,/000(21%12 + u*l;)a.da]
= —2aRePQ' + 20YReQP + 2vallv'||}
+2(ra + vB)(—Re|Q*QP) — 2(xa + vp) /0 " @luPlusf? + Reu?a2)ds

Now consider 0 < ¢t < T for ant T > 0. Let af > 0. Without loss of generality
assume in (4.4.7) that & > 0,8 > 0. Note v > 0, > 0 also. This implies that

*) _o(ka + vB) / (2lul2[ue]? + Reu?a?)dz < 0
0
Thus (4.4.7) becomes (via (*))
1 ~
(4.4.8) Oi(allw'llz + 5Blull2) < —20vfjuzs|lz + 20| PQ|
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+2al7lPQ| + 2al|[lw'll7 + 2(xa + vB)IQF|P|
112 1 4 1112 1 4 ¢ 2
(4.4.9) allw’llz + 5Bllulls < ellusllz + 5Blluolls — 2av A l[#z2l2dr

t t
+ [ 2alPQ| + 2a11IPQ) + 2(sa + v)|QPIPlldr + 20| [ IBdr
0 0

1 t
(4.4.10) alv']l3 < allug)l + §ﬂ||u0||i - 2av / lluzsll2dr
1]
t . t
+ / IP|[20:Q0 + 2aly|Qo + 2(sa + vB)QSldr + 2] / |27
0 0
Here Qo = maxo<i<7(|@Q| + |Q'|). Thus from (4.4.10)
4 } 4 t
(4411) ]2 < co — 2va / ltoe|2dr + & / |Pldr + 2} / /|2
0 0 0

.t t t
< e —2ve [ fusalfar + /T( [ IPPan? +2h [ 1 Bar
0 0 0

By Gronwall lemma,
t 1
(4.4.12) ]2 < [eo — 2va / uas|2dr + & / |P(r)[2dr)}]e2IT
0 0

Add (4.4.12) and (4.3.6) together,

t t
(@4.13) [l < [eo-+ ol —2va [ [zl + @+ [ 1P(r)Pary ezt
0 0
t t .
< oo~ 2va [ ueslir +2( [ 1P(r)Par)iIm
0 0

Put (4.3.9) in (4.4.13) to obtain

) 14
(4.4.14) lull2 ; < m(& — 2va / luzz]l3dT)
0
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t t
+me(en + lulla+ (@ [ lusalfar)t + (e [ full pdr)h)
0 0

t
= mg&p + Mmeccp — 2mua/ luzz|l2dr
0

1(me)’é

2 dmva

1 1 1 t _ t N
+p(mec + Slull + g o + 5(4mwa) [ uselfdr +mee [ ular)?
0 0

1 I L
= '+ lull g+ mate [l pdr)?

Thus
t
(4.4.15) [ul2, < 2m' + 2ma(e / lullt pdr)}
0

This is exactly (4.3.11). Therefore, (4.3.12),(4.3.13),(4.3.14), all hold. One con-
cludes that for 0 <t < T

(4.4.16) llulltz < 7, [lufloo < 00

By the same argument to prove Theorem 4.3.3 one has

THEOREM 4.4.1 (GLOBAL EXISTENCE THEOREM (II)). For uy € H?,Q €

C?,af > 0, there exists a unique global classical solution to (4.1.1).

COROLLARY 4.4.2. One could study half-line problem for the following GL equa-
tion by settingupy=v=k=¢,a = ==*1in (4.1.1):

(4.4.17) ur = (€ £ 1)uzy — (€ 2 2)|uf’u + eu

with initial-boundary data u(z,0) = ue(z) € H?[0, 00),u(0,%) = Q(t) € C?|0, o).
This is a perturbed NLS. Global existence was established in [18] for NLS (e = 0).
It turns out that half-line problem for this particular perturbed NLS has global
solution by Theorem 4.4.1. We shall indicate that if uc(z,t) solves (4.4.17), u(z,t)
solves the half-line NLS with the same initial-boundary data, then u, — u(e — 0)

under certain norm.
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REMARK 4.4.3. The sign of a8 has some significant implications in NLS case
(v =&k =+ =0) It was shown that if af > 0 there are no bound states
(permanent waves) and the final state is just the similarity solution (cf.[1]). On the
other hand, if aff < 0 the z independent solutions of NLS are unstable (analogous
to the Benjamin-Feir criterion [41]). If & < 0, [41] indicated that the solution
to (3.1.1) becomes unbounded in finite time. (This result is consistent with that
found by Stuart and Stewartson (cf. [55]) who examined a Cauchy problem for
the GL equation (3.1.1)). For the GL equation, the criterion vk + aff > 0 has
physical implications (see [41] for details). Since v,k > 0, our criterion a8 > 0
certainly implies vk + aff > 0. One has reason to believe that for certain initial-
boundary data, global-existence can not hold for the half-line problem (4.1.1) if
k < 0, but an analytical proof may be very difficult because of the infinite domain.
(There are not many blow-up results available: many successful attempts require
a finite domain in order to estimate ||ul|3, ||u||§ etc.) One should note that v > 0 is
necessary to establish (4.1.6) for existence. Whether there is a blow-up for certain
initial-boundary data in case af < 0 and |B| > /3k is still pending further

investigation.
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Chapter 5.
WEAK SOLUTION TO AN INITIAL-BOUNDARY VALUE
PROBLEM FOR THE GINZBURG-LANDAU EQUATION

§5.1 PRELIMINARIES.

The Cauchy problem for the GL equation (3.1.1) with z € Q = [0, L], u(z,0) €
H}(Q) is well-posed as can be seen by using classical techniques of nonlinear
parabolic equations (cf.[2,27,38]). In this chapter we shall study the GL equa-
tion posed in the finite domain @ = [0, L] with the boundary data »(0,t) =
Q(t),u(L,t) = 0 and initial data u(z,0) = u¢(z). Under certain conditions on
these data, we show that there is a unique weak solution. The solution u obtained
here may not be a classical solution because uo € H! only.

The concerned GL equation is posed on a bounded domain as follows (k,v >

0, «, B real):
(5.1.1) us = (v +ia)uzz — (k +i8)|ul?u + yu

z€Q=[0,L],t €0, T),u(z,0) = uo(z), u(0, t) = Q(t), u(L, t)=0

Here Q(t),uo(z) are complex functions. We shall, throughout this section, assume
that for ¢ € [0,7T], Q(t) € C?[0,00), Q(t) # 0,uo(z) € HY(Q),uo(L) = 0,up(0) =
Q(0).

First we use the following transformation (here w(z,t) is an appropriate
smooth function satisfying w(0,t) = 1,w(L,t) = 0, which will be determined
later)

(5.1.2) u(z,t) = v(z,t) + Q(t)w(z,1t)
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and this substitution in (5.1.1) yields

(5.1.3) ve = (V + ia)vzz — (6 +iB)|v|°v + G1 + G2 + f

2(0,2) = v(L, 8) = 0,(z,0) = uo(z) — Q(0)w(z,0)

(5.1.4) =—Qu; — Qw+vQw + (v +ia)Qwzz — (£ + iﬂ)|Q@|2Qw

(5.1.5) G1 = c1v + ¢20 = —(k + i8)(2|Qu|* Qv + w?Q?*%) + yv
(5.1.6) Ga = c3v? + c4|v|? = —(k + iB)(wWQv? + 2wQ|v|?)

LEMMA 5.1.1. There exists w € C(0,T; L*(Q)) N C°(0,T; H2()), w(0,%) =
1,w(L,t) = 0 such that f € L?(0,T; H}(R)),d: f € L*([0,T] x Q).

ProoF: Consider the following initial-boundary value problem:

(5.1.7) we = (Vv + ia)wzz — L—;‘Z % +(k+8)IQI* — )

L—z
L

If we use the transformation w(z,t) = W(z,t) + £32 then (5.1.7) is equivalent to

w(0,t) = 1,w(L,t) = 0,w(z,0) =

L

(5.1.8) Wi = (v + i) Wey — 222 (% +(k+iB)QP = 7) = (v +ia)Wes + g

L
W(0,t) = W(L,t) = 0,W(z,0) = 0

Define A = (v + ia)DZ,D(A) = H?(Q) N HY(Q) then clearly D(A), H}(Q) are
dense in L?(Q2) and A is closed. For W € H}(Q),
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(5.1.9) (A= AW, W) = W3 + VW'l + ia|W'IZ] 2 col| Wik

Thus A — A maps D(A) 1-1 onto L?(R). Also from (5.1.9) one has (A —
AW, W)| > MW thus ||A — A|] < % for A > 0. By Hille-Yosida Theo-
rem, A generates a continuous contraction semigroup N(t) = exp At for t > 0.
Since @ € C%,Q # 0, it is clear from (5.1.8) that ¢'(¢) is continuous. Thus
fot N(t — s)g(s)ds € D(A) by [53] hence there is a unique local solution W to
(5.1.8) with W € C*(0, Tar; L3(2)) N C°(0, Tar; D(A)):

bl

L
L

(5.1.10) W) = NE)Wo — /0 N(t —s) (%’ + (5 +3B)|QJ — 7)ds

It is not difficult to show that Tas = T. By using the fact N(¢) is a con-
traction semigroup in L%(2) one finds through (5.1.10) that ||W]l2 < oo on
[0,T]. By standard estimate on W; (cf.[53]) and the fact @ € C? one finds
that [[Will2 < o0 on [0,T]. Thus ||W||p4) < co through (5.1.1). Consequently
w € CY0,T; L?(2)) N C°(0,T; H%(R)) is the unique solution to (5.1.7).

It remains to check that f € L2(0,T; H}(R)), 8. f € L%([0,T] x ). One looks
at (5.1.4) and notes that when w solves (5.1.7):

(BL11)  f = Q(=we + (v +ia)wss) - (k + i) Qu2Qu + ¥Qu — Q'w

= Q2T + (e +iB)IQP — 1) (s + iB)QuI*Qu +7Qu Qv

Evidently f(0,t) = f(L,t) = 0. Also, w € H2(Q) = |w|*w € H(Q), thus f €
L%(0,T; H}(Q)). Since Q € C? and w,w; € C°(0,T; L%(R2)),8:f € L*([0,T]} x Q)
is obvious. Q.E.D.
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§5.2 EXISTENCE OF A WEAK SOLUTION.

We shall utilize Galerkin’s method (cf.[12, 38]) to solve (5.1.3). Let

(5.2.1) w; € H(}(Q),—ij = \jw;,j =1,2,...

and v, = Y.1" gjm(t)w; be an approximate solution where {g;m}7, are deter-

mined by the conditions

(5.2.2) (Bevm,wj) + (v + i0)(8svm, Ozw;) + (£ + iB)(|vm |2 vm, w;)
= (G1+ G2 + f,wj)
Vm(0) = Vom € [W1, ..., W), Vo — vo = v(z,0) € Ha(Q)

Multiply (5.2.2) by g;jm(t) and add them for j = 1,2, ...,m. Now one has

(523)  (Bevm,vm) + (v +ia)[|Ozvmllz + (£ + iB)llvml} = (G1 + G2 + f,vm)

From (5.1.5),(5.1.6) it is clear that |ci(z,t)] < co,? = 1,2,3,4. Take real part of
(5.2.3):

1
(5.2.4) S0ullomll3 + v 1B.vm3 + Klloml3
< 2co||vml % + 20 / lom[*dz + || fll2llvml2
Q

1 1
< 2eollomllz + £llomlls + =ctllomllz + 113 + Zlomlz = £llomlls + ¢'llom]lZ + 1113

Since v > 0,(5.2.4) implies that d||vm||3 < 2¢'||lvm|2 + 2||f||3 and by Gronwall
lemma one has [|v,|2 < M on [0,T]. By (5.2.1), one could replace w; by Aw; in
(5.2.2) to get
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(5.2.5) (Bevmy Avg) + (v + i0)(Avg, Avg) — (8 + iB)(|[vm |*vm, Avy)

=—(G1+ G2 + f,Avm)

1, [t 1
(5.2.6) 2 /0 1Q(r)Pdr)} 0, vm3 + v Avm
< (6 +1BDlvmlE]Avmllz + |G1 + G2 + fll2[|Avm]|2
(x+

v B|)? v 1
< VAol + EEP e 4 Y avnl + - 1Go + G + I

Now use ||vm||2 £ M and the following Gagliardo-Nirenberg estimates (cf.[50]):

1 2
(5.2.7) [omlle < m[|8zvm||3 lomllz +m'lvmll2, lomlla
1 I
< m0[|8zvml|3 lvmllZ + l|om]l2
Then (5.2.6) becomes

(5.2.8) Be/|0zvmllz < Ellvmlls + E(llomllz + llom Iz + 1 Fl2)*

1
<cal([ IP)Par) ol
0

Therefore, vy, is bounded in L°°(0,T; H}()). Now differentiate (5.2.2) with

respect to t:

(5.2.9) (82vm,w;) + (v + 10)(8:0rvm, Oz w;)

t
'!'('C + iﬂ)(2|vm|26tvm + U?n(/ |Q(T)|2dT)Eﬁm7wj)
0
= (0:G1 + 0:G2 + 0, f, w;)
One could replace w; by O,vp, in (5.2.9) and take the real part:
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1 :
(5.2.10) 50:[10evm I3 + v1|0:0zvm I3

t
< (K + B)(2lvrm[*Bevm + v2( / 1Q(r)Pdr)} o, Bevm)|
0
+|(0:G1 + 0:G2 + O: f, Ovm)|

< Mg [10ewm|lz + collOevmllz + EllOrwm|lz < Co + CllOwmllz

Here we use (5.1.5), (5.1.6) and ||vm[loc £ M\/||0zvm|2l[vm]lz2 < Mo. By [38],

0tV is bounded in L*°(0, T; L?(R?)) and we can extract v, from vy, so that v, — v
weakly in L2(0,T; H3(R)); vy — x weakly in L2(0,T; L%(£)),0:v = x and v

solves

(5.2.11) (8w, k) + (v + ia)(0zv, 8:h) + (k5 +iB)(|v|*v, k) = (G1 + G2 + £, k)

Vh € HY(S). We deduce from (5.1.2),(5.1.3) and (5.2.11) that « = v+ Quw satisfies

(5.2.12) (O, h) + (v + ia)(Ostty Bzh) + (% + iB)(|u[?u, ) — 7(u, k) = 0

Vh € H}(Q) with v € L*(0,T; H()),0,u € L*°(0,T; L*(Q)) and u(z,0) =
uo(z),u(0,t) = Q(2),u(L,t) = 0.

To show the uniquess of solution u, it suffices to show the uniqueness of
solution v to (5.2.11). Suppose vy, v, are two solutions and write V = v; —vp. By

(5.2.11),

(5.2.13) (8:V,h) + (v +ia)(8:V, 8- k) + (& + i8)(|v1 [>v1 — |v2]?v2, k)

= (G1(v1) — G1(v2) + G2(v1) — Ga(v2), k), Vh € H5(Q)
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In particular, we can replace h by V in (5.2.13) then take the real part:

1, [t 1
(5.2.14) 5( /o 1Q(7)Pdr)z ||V I3 + v]|8=V I3 < colllvs|?vr — |vz?vz|2||V |2

+G1(v1) — Gr(v2)|l2]|V ]z + |G2(v1) = G2(v2)]|2l|V ]2 < ||V||3

Here we use v; = V + v2,||v,-||% < fori = 1,2,||V]eec £ 2¢' and ¢ =
c(d,Q,w,a,p,k,v,7,T). Since v > 0, V € HYRQ), (5.2.14) becomes ||[V||Z <
2c fot IV]2dr thus V = 0 on [0, T] because c is independent of ¢. We have there-
fore completed the proof of the following result:

THEOREM 5.2.1 (WEAK SOLUTION). For the GL equation (5.1.1) there exists a

unique weak solution u satisfying (5.2.12).
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