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This research examines the details of the boundary layer flowfield from wind tunnel measure­

ments of a two-dimensional Liebeck LA2573A airfoil over a range of Reynolds numbers from 

235000 to 500000. In tIllS range, a laminar separation bubble becomes significant in the bound­

ary layer and provides a measurable contribution to the airfoil drag. Measurements include 

airfoil drag, mean and turbulent boundary layer velocity profiles, a calculation of integral pa­

ramelers associated with these profiles, and energy spectra of the velocity signal inside the 

boundary layer. Evidence of the growth of boundary layer velocity fluctuations within a range 

of frequencies in the laminar separation and transition regions has been found in these spectral 

measurements. Results have shown that the peak frequencies measured in the velocity spectra 

for the instability region agree with the most amplified wave number and frequency scaling 

predicted by linear stability theory for these inflectional profiles. Additionally, the maximum 

measured growth rates at this peak frequency correlate with growth rates calculated from sim­

ilarly shaped Falkner-Skan profiles at the corresponding frequency of maximum amplification. 

This agreement between experimental and theoretical peak frequencies and growth rates was 

confirmed for the range of Reynolds numbers and for airfoil incidence ranging from zero lift to 

stall. 

Introduction 

The primary goal of this research is a better understanding of the transitional instability mech­

anism willch has a controlling effect on the extent of laminar separation bubbles occurring on 

airfoils operating at low chord Reynolds numbers, generally for Rc < 106 • In this range, the 

local Reynolds number based on the boundary layer development is often insufficiently high 

for Tollmein-Schlichting (viscous type) instabilities to promote a natural transition before the 

laminar boundary layer reaches an adverse pressure gradient and is subject to separation. Once 

laminar separation has occurred, the resulting inflectional velocity profiles promote a more rapid 

amplification of boundary layer fluctuations which eventually reach transition levels. Laminar 
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separation is also associated with a significant increase in the boundary layer thickness. After 

transition, increased mixing promotes growth of the turbulent separated shear layer which even­

tually reattaches to the airfoil surface in cases where the divergence of the separated laminar 

layer from the surface has not exceeded some critical point. 

Research has shown that decreases in Rc tend to delay the transition region within the 

bubble. These decreases have been correlated with a thicker turbulent boundary layer and 

additional drag penalty due to the separation bubble. Meanwhile, the addition of external 

forcing conditions such as the free stream turbulence [1], acoustic disturbances [2] [3] [4] , or 

surface roughness [4] has been found to encourage. earlier transition, resulting in a smaller bubble 

and reduced drag. Accordingly, the transition position within the bubble can be considered 

a primary factor in controlling the low Reynolds number boundary layer flow field , and its 

prediction becomes critical to airfoil performance calculations. 

Early attempts at transition prediction focused on correlations of local flow parameters and 

Reynolds numbers in the laminar bubble region [5], [6], [7]. Later work in conjunction with ad­

ditional data has indicated the limited success of such correlations [8]. More recently, numerical 

calculation methods have been proposed for predicting low Reynolds number separation bubble 

flows [9], [4], [10]. These methods involve linear stability calculations to some extent in deter­

mining transition within the viscous / inviscid interaction schemes. The transition calculations 

generally assume an en transition criterion based on the stability of Falkner-Skan (f3) reverse 

flow profile solutions which is described in detail by van Ingen and Boermans [4]. Considering 

the more promising results in predicting separation bubble flows and airfoil performance with 

these methods, an attempt is made in the present study to compare peak frequencies and the 

corresponding growth rates from measured boundary layer velocity fluctuations in the laminar 

bubble with the most amplified waves and corresponding growth rates predicted by linear sta­

bility theory. Such a comparison would attempt to verify the stability calculations which are 

implemented in t.he en transition method. 

A correlation between experimental and theoretical results is made assuming the standard 

small amplitude wave-like disturbance in the linear stability formulation for theoretical bound­

ary layer profiles. A viscous Orr-Sommerfeld calculation has been used to determine the stability 

of various theoretical (f3) profiles. The wave number and frequency have been nondimension­

alized by the local edge velocity and displacement thickness: k = (27rfj')/ >., W = (27r ffj·)/U •. 
For calculations assuming spatially growing waves (Wi = 0), an example of growth rates -ki 
is given by figure 1 for the Falkner-Skan reverse flow profile at f3 = -.14 and R6 0 = 103 • The 

disturbance energy profile at some position :v downstream of the point of neutral stability (:Vo) 

for a particular wave number may be written as 

(1) 

and the local dimensional energy growth rate follows as 

(2) 
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Figure 1: An example of typical growth 
rates for separated theoretical f3 profiles; 
f3 = -.14, R6" = 1000. 
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Figure 2: Falkner-Skan profile parameter f3 
plotted against the profile shape factor H. 
Dashed curves represent rectified f3 profiles 
from eq. (3) for different a'. 

This relation will be used in comparing calculated amplification rates with experimental data 

derived from boundary layer fluctuation energy spectra (E.). 
The subscript f3 in equation (2) refers to the pressure gradient parameter of the Falkner­

Skan profiles which are used as an input to the stability calculation. These profiles are assumed 

for the separation bubble region in the numerical prediction schemes, and the shape factor H 

is essentially used as an independant variable since it uniquely describes both attached and 

separated profiles for decelerating flows (-.1988 < f3 < 0) as is indicated in figure 2. The f3 
profiles may also be used to approximate measured mean velocity profiles upstream of transition. 

The shape factor H could then be used to associate experimental data with theoretical stability 

calculations. A problem arises, however, in the case of reverse flow profiles, where hot-wire 

anemometer velocity measurements cannot distinguish between velocity direction with respect 

to the flow sensor. The resulting experimental mean velocity profiles reflect a low magnitude 

rectified version of the separated profiles in the region near the wall. An example may be found 

in figure 3 which compares the f3 = -.03 reverse flow (solid line) profile with a profile measured 

in the separation region at x/c = .385, a = 4° and Rc = 235000. Thus, while a theoretical 

reverse flow f3 profile could be matched to a particular experimental profile, (excluding the 

region of reverse flow), a calculation of the integral thickness parameters 0", Band H would 

not indicate a match between the two shape factors. A solution to this problem is to modify 

the theoretical profile to simulate the experimental data in the reverse flow region strictly for 

the purpose of calculating 0*, Band H. A rectified theoretical profile is given by 

_* () {up(y) up > 0 
up y = a'!up(y)! up < 0 (3) 

where an additional amplitude factor a' has been introduced to allow a better fit of the data. 

Two modified theoretical profiles (a' = 1.0 and a' = 0.4) are also compared with the experimen­

tal profile in figure 3. A reasonable match is indicated for an amplification factor of at = 0.4; 
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Figure 3: Comparison between typical sep­
arated experimental mean velocity profile 
(Re = 235000,a = 4°,xlc = .385) and 
"matching" theoretical profile ((3 = -.03). 
Dashed curves represent rectified (3 profiles 
from eq. (3) for different a'. 
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Figure 4: Nondimensional velocity shear 
near the profile inflection for theoretical 
(solid) and modified (dash) (3 profiles. 
Comparison is made with sample experi­
mental data at a = 0°,4° and Re = 235000. 

therefore, this value will be used in calculating a modified theoretical shape factor (Hp) for later 

comparisons with experimental results. This choice for a' is also supported by an examination 

of the nondimensional velocity shear (d(uIUe)ld(y//jO)lfl/u.~o.5) which has been approximated 

for the profile inflection. The theoretical curve in figure 4 for the case with a' = 0.4 shows a 

good representation of the sample data points at a = 0° and 4° (Re = 235000) over a range of 

profile shapes. 

An es.timate of the most amplified or peak frequency expected from experimental results 

can be made from the non-dimensional frequency scaling given above, with a few additional 

approximations. At a fixed airfoil incidence and chord position upstream of transition, the 

pressure distribution is assumed approximately constant; therefore, the profile shape, most 

unstable wave kr and convection speed c (non-dimensional) can be approximated as constant 

over a range of Re or for different chord lengths. In addition, if 5° is approximated according 

to the I3lasius relation 5° Ix rv 1/)R:, then the frequency ratio should scale according to 

equation (4) for fixed chord, or equation (5) for fixed Re. 

(4) 

jV! (C2) 2/ 
jV' = Cl Re 

(5) 

An estimate of experimental growth rates of spectral energy corresponding to peaks in the 

frequency spectra may be made by assuming an exponential growth of spectral energy in x. By 

differentiating spectral distributions with respect to the streamwise coordinate (x) at a fixed 

frequency j, and associating the result with equation (2), the experimental and theoretical 
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amplification rates can be compared by with the following relation 

ki(w) = -6*d(lnE.) 
2c d(x/c) 

(6) 

provided that the frequency (w), local Reynolds number (Rs.) and profile shapes (H) have been 

matched. All terms on the right side of equation (6) are obtained from experimental data. 

Alternatively, given the experimental spectral energy at a position corresponding to the 

maximum measured growth rate for the peak frequency (E •• ), theoretical estimates for the 

spectral energy upstream of that position could be predicted by integrating the relation in (6) 

and using theoretical amplification rates as a function of profile shape: 

[ (("'Ie). k. ] 
E.(x/c) = E •• exp 2c }",/e 6: d(x/c) (7) 

This estimate would provide a check between values expected for the spectral energy and actual 

experimental values which could be associated with the signal noise level at a point sufficiently 

far uptsream of the reference point. 

Experimental Technique 

Experimental measurements were conducted in the 37 by 54 inch semi-hexagonal cross section 

of the USC Dryden wind tunnel. This facility has a closed return with a contraction ratio of 

7.1 and a maximum test section velocity of approximately 34 m/s. The free stream turbulence 

level in the test section has been measured at approximately .1 % at airfoil test velocities for 

frequencies above 1 Hz .. Further details in reference [1] indicated that low frequency fluctuations 

on the order of 20 Hz. or less comprised a significant contribution to this turbulence. 

Measurements were made on two LA2573A airfoil models designed by Liebeck [11] to operate 

at chord Reynolds numbers of approximately 250000. The airfoil contour is included in figures 7 

and fl. Doth 6 inch and 11.75 inch models were numerically milled from aluminum. In addition, 

the 6 inch chord model was equipped with pressure taps for lift measurements. Flowfield, 

pressure distribution and drag data were collected at Re = 235000 (24 m/s) with the smaller 

model while the larger model was used to obtain flowfield and drag data at Reynolds numbers 

from 235000 to 500000. Drag measurements were calculated from the momentum deficit after 

a total pressure rake was centered in the airfoil wake. Boundary layer velocities were measured 

with a single hot-wire anemometer sensor, and the details of these measurements are given in 

[1]. 

Results / Discussion 

Airfoil drag and boundary layer measurements were taken at Reynolds numbers of 235000, 

300000, 375000 and 500000 for airfoil incidence ranging from a = _2° to a = 12° (near stall) 

in 2° increments. Measurements indicated that a separation bubble could still be found at 

Re = 500000, except ncar stall. Boundary layer data on the airfoil lifting surface ranged in 
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Figure 5: Experimental drag coefficients. 
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Figure 6: Boundary layer momentum 
thickness at He = 235000. 

chord position from xl c = .150 to the trailing edge, including approximately 25 positions 

at each incidence with the highest concentration of data points located in the region of the 

laminar separation bubble. Boundary layer integral parameters 5-,0, Hand 5t were calculated 

directly from velocity profile measurements for all chord positions, including the separation 

region where the hot-wire measurement does not reflect the flow direction. Therefore, some 

error was introduced into these calculations using experimental data in the separation region. 

Brendel and Mueller [12) have estimated this error to be on the order of a few percent for 5-

while more significant for O. Spectral measurements of the boundary layer velocity fluctuation 

were recorded at most profile data chord positions and were located at a distance normal 

to the surface corresponding approximately to the midpoint of the velocity shear layer (or 

approximately the maximum point in the velocity fluctuation eiL') profile). 

Airfoil Performance 

Figure 5 illustrates the incremental drag penalty caused by the laminar separation bubble as Rc 

is reduced from 500000 to 235000 for airfoil incidence over the operating range. It can be seen 

that the penalty is more severe at midrange ex for Rc = 235000 where the bubble is close to the 

point of bursting (failure of the turbulent separated shear layer to reattach). An examination 

of momentum thickness distribution in figure 6 shows that this drag penalty at lower Rc can 

be associated with the boundary layer growth downstream of the bubble. The case at ex = 6° 

shows the highest momentum thickness approaching the trailing edge, corresponding to the 

maximum drag for the three incidence cases plotted. Lower trailing edge values are found for 

o at ex = 10° and ex = 2°, which corresponds to their lower respective drag values. The airfoil 

lift has been measured for Rc in this range in [11) and [1) and does not show any significant 

sensitivity to bubble effects at these Reynolds numbers. 
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Boundary Layer Measurements 

An example of experimental mean velocity profiles and mean fluctuation profiles measured 

with the 11.75 inch chord model are given in figure 7, for a Reynolds number of 235000 at 

a = 40 • The physical location of the measurement points are indicated on the airfoil in the 

upper right corner of figure 7. Profiles normalized with 5' are plotted with increasing chord 

position from right to left and have been chosen to indicate the character of the boundary 

layer flowfield. The initial profiles at xl c = .150 and .235 show an attached boundary layer 

with a very low level in the (rms) fluctuation distribution. At xlc = .287, the inflectional 

profile nears separation. The following three normalized profiles at xl c = .343, .371, and .399 

indicate a growing laminar separation region. (Measurements for 5' in figure 8 illustrate that 

the seperated laminar boundary layer region is in fact growing.) It can be seen that the hot-wire 

measurements fail to indicate reverse flow in the region near the wall, but do give an indication 

of the extent of this region. At xlc = .427, a jump in the magnitude of the mean fluctuation 

profile can be seen to indicate transition. Note that the large increase in the fluctuations does 

not occur near the wall as is often found in transition but corresponds to the location of the 

inflection point in the mean profile. A more precise definition of transition can be obtained by 

defining the "integral turbulence scale," 5~( x), as 

(8) 

This parameter is plotted for n = 1 at several Rc in figure 8. Transition can be clearly defined 

as the location where a sharp increase in this thickness parameter occurs. Finally, a reattached 

turbulent boundary layer can be found in figure 7 at xl c = .520. Profiles downstream of this 

position had a characteristic turbulent shape with normal growth in 5'( x) and an approxi­

mately constant value of II. Note that 5i(x) seems to increase proportionally with 5'(x) in the 

reattached region. 

In general, all boundary layer data where separation bubbles were found to occur showed 

the same general progression as that in figure 7, and this general character of the separation 

bubble flowfield has been measured by several other researchers [13], [12], [9], [4], [8], and [6]. At 

higher Reynolds numbers, normalized profiles have been found to match lower Reynolds number 

profiles quite well at the same nondimensional chord positions, except near transition which 

moves upstream with increasing Reynolds number. The experimental laminar and separated 

profiles in figure 7 are also compared with Falkner-Skan profiles. They generally correspond 

well at different x I c positions except in the reverse flow regions. Experimental shape factors in 

figure 8 were used to match the data with theory (II~). 

Spectral Measurements 

Boundary layer velocity spectra associated with the profiles given in figure 7 are plotted in 

figure 9 at seven different chord positions extending through the separation bubble. It is noted 

that the chordwise progression proceeds from bottom to top, and that each curve has been 
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Figure 7: Mean and fluctuation velocity profiles at IX = 4°, Rc = 235000. 
Symbols 8 indicate position at which spectral distributions in figure 9 were 
recorded. Solid curves show comparison with theoretical ~ profiles matched 
using the modified shape factor H;. 
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Figure 8: Integral thickness parameters 0", Ot, and H at ex = 4°. 

offset from the previous curve by a distance of 1 decade. A distinct peak centered at 900 Hz. 

can be seen to grow from xlc = .371, at a point well into the laminar region of the bubble, 

to xlc = .427 where the peak seems to reach a maximum. This point also corresponds to the 

transition region as established in figures 7 and 8. At xl c = .461 the spectrum of a turbulent 

boundary layer velocity signal is observed. 

Spectral distributions at higher Reynolds numbers and other airfoil incidence cases have 

shown the same general character as the data given in figure 9, with the exception that the 

peak is found to occur at a different frequency and over a different range of chord positions. 

In addition, similar boundary layer spectral progressions for separation bubble flowfields have 

been reported in [9], [12], [14], [1], and [3]. 

A comparison of peak frequency scaling with chord Reynolds number for different airfoil 

incidence cases is given in figure 10. The log-log plot indicates that peak frequencies follow a 

slope of approximately 1.5 which was was anticipated from the stability theory formulation of 

equation (4). In addition, data at Rc = 235000 from the two different airfoil models confirmed 

the expected chord scaling for the frequency ratio in equation (5). 
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For a comparison between the measured peak frequency and the most amplified waves ex­

pected from linear stability theory, the experimental peak frequency was non-dimensionalized 

as wp = 2,,&:6' and plotted against the experimental shape factor in figure 11. It is noted that 

both o' and II are changing with the chordwise coordinate x in the region of the separation 

bubble; thus, an increase in II upstream of transition reflects a parameterized increase in x. 

The resulting curves represented by open symbols and dashed lines are given in figure 11 for 

a number of different Reynolds number and airfoil incidence cases (235000 < Re < 500000, 

a = 0°,4°,80,100,120). Curves are plotted for shape factors corresponding to x positions up­

stream of transition, and the rolloff at the upper end of each curve can be associated with the 

maximum in the II distribution found near transition (see figure 8 for example). In general, all 

curves tend to follow a straight line up until transition. These lines generally agree with the 

frequency corresponding to the most amplified wave for f3 profiles with varying shape factor. 

The theoretical peak frequencies are also given in figure 11 for R6• = 2000, and are designated 

by the solid symbols and line. 

In order to provide a more complete comparison between experimental results and predicions 

estimated by linear stability theory, peak fluctuation growth rates will be examined for a variety 

of flowficld cases. The spectral energy at the peak frequency has been plotted against x in 

figure 12 for the Reynolds numbers investigated at a = 40. This plot includes the values at 

fp = !l00 Hz. from figure!l. The curves show a sharp amplification just prior to transition, then 

the spectral energy generally levels off in the turbulent boundary layer region downstream. The 
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Figure 12: Spectral energy at Ip: a = 4°. 
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Figure 13: Experimental growth rates (hi) 
at Ip: a = 4°. 

maximum spectral energy occurs at a position just downstream of transition and the peak in 

the distribution for II in figure 8. 

Using the relation from equation (6), non-dimensional growth rates can be calculated from 

the spectral energy curves of figure 12. These growth rates at Ip are given in figure 13 for the 

four Re cases at a = 4°. The maximum growth rate for each curve is found to decrease and 

move upstream as Reynolds number is increased. The chord position of this maximum can be 

associated with the transition positions indicated by the jump in the bt distributions of figure 8. 

For a comparison between experimental growth rates and theoretical estimates, the profile 

shape factor II must be substituted for the streamwise coordinate to provide a parameter with 

which to associate the two sets of results. This substitution may be associated with the use of 

II as an independant variable in the numerical flow prediction schemes such as [10). Thus the 

experimental growth rates given in figure 13 have been replotted in terms of the experimental 

profile shape factor. The result in figure 14 also include growth rates at Ip for a = 0°, 8°, 10°, 

and 12° at the same chord Reynolds numbers as the a = 4° data. The curve for each airfoil 

incidence and Reynolds number case is plotted from a profile shape corresponding to a chord 

position upstream of laminar separation, to the point of the maximum measured growth rate. 

Presumably, the data would be expected to follow a single trend in order to confirm the result 

predicted by linear stability theory. However, the experimental curves do not seem to collapse 

in general for the variety of fiowfield cases included. The measured growth rates appear to be 

limited approximately by the dashed line indicated in figure 14. This line represents a best fit of 

the maximum measured growth rate for each case. This limiting relation is more clearly defined 

in figure 15 where these maximum measured growth rates are represented by open symbols. 

These maximum experimental amplification rates show a general agreement with the growth 

rates predicted by stability theory for the most amplified wave. The theoretical curve is given 
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One possible explanation for the disagreement between theoretical estimates and growth 

rates measured below the maximum for each case in figure 14 is the effect of the hot-wire veloc­

ity signal noise on the resolution of fluctuation amplitudes well below the maximum amplified 

values. A check of the expected spectral energy against the noise level may be made by extrap­

olating spectral energy levels at fp upstream of the amplitude corresponding to the maximum 

measured growth rate. The extrapolation would use the relation given in equation (7) and 

assume that growth rates followed the theoretical curve in figure 15 in order to compare the 

amplitude of the spectral energy which would be expected upstream with the amplitudes actu­

ally measured. An example of this calculation is given in figure 16 in a format similar to that of 

figure 12. Two curves are plotted for the case 0: = 4°, R." = 235000, using the spectral energy 

at xl c = .406 as a reference for the theoretical extrapolation. The experimental and predicted 

spectral energies agree for a short distance upstream of the reference point and then diverge 

as the experimental curve levels out. Thus, if this upstream level of the measured spectral 

energy were indicative of the signal noise level at the peak frequency, then the amplitude of 

fluctuations which would be expected below this noise level would be lost in the signal noise. 

The figure indicates that the actual spectral energy of fluctuations being amplified might only 

be resolved ill measurements over a short region ill x (or alternatively for a short variation 

in II.) Consequently, the comparison in figure 16 would infer that the disagreement found in 

figure 14 might be due to an experimental difficulty in the resolution of very low amplitude 

velocity fluctuations. 
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Conclusions 

Comparisons between experimental boundary layer spectral fluctuation data for low Reynolds 

number separation bubble flows and linear stability theory calculations have shown that the 

peak frequency observed in the disturbance spectra corresponds to the most amplified waves 

predicted by theory for a large range of experimental conditions (Rc and a). These compar­

isons were made primarily for inflectional profile shapes in the separation region, leading to 

inflectional invlscid type instabilities, calculated with the Falkner-Skan profiles. In padicu­

lar, measurements of ip followed the predicted scaling for chord Reynolds number or chord 

variations. Comparisons between growth rates showed an agreement between the maximum 

experimentally measures growth rates at peak frequencies and predicted growth rates for the 

most amplified waves of similarly shaped profiles at a given airfoil incidence and Reynolds num­

ber. Discrepancies between measurements and theory at growth rates lower than the maximum 

were consistent with limitations in the resolution of the hot-wire velocity signal. 

These results generally seem to show a favorable comparison between measurements up­

stream of the transition region and estimates predicted by linear stability theory associated 

with an inviscid inflectional profile. This agreement lends support to the use of linear stabil­

ity theory calculations in determining the transition region for prediction methods designed to 

provide low Reynolds number laminar separation bubble flowfield calculations. 
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Notation 

a' amplitude factor in eq. (3) 
c airfoil chord 

non-dimensional convection velocity 

airfoil drag coefficient per unit span 

airfoil drag 

theoretical disturbance energy in eq. (1) 

w/kr 

D 
Qc 

experimental spectral fluctuation energy (E. - non dimensional) 

frequency 

f corresponding to instability peak in E. distribution 

shape factor ~ 

modified (3 profile shape factor (calculated with u'(Y)) 
non-dimensional complex wave number 

non-dimensional wave number 

non-dimensional growth rate 

airfoil lift 

p static pressure 

Q dynamic pressure ~p(U",,)2 

Rc Reynolds number, chord (U""c)/v 
Reynolds number, displacement thickness 

Reynolds number, local (U.x)/v 
U time dependant streamwise velocity 

il, U mean velocity -tr [2::f=o1 Uj] 

u' fluctuation velocity U - u 
Ui mean fluctuation velocity [-tr 2::f=o1( Uj _ u)2] 1/2 

u~ modified (3 profile mean velocity from eq. (3) 
U. boundary layer edge velocity 

U"" free stream velocity 

x chordwise position downstream of the airfoil leading edge 

non-dimensional distance x/o' 
y coordinate normal to the free stream or airfoil surface 

Greek Symbols 

ex airfoil angle of attack 
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f3 Falkner - Skan pressure gradient parameter 

6 boundary layer thickness 

6" displacement thickness 1:(1 - (J )dy 
~ 

6t "turbulence thickness scale" I:(~Jdy 

B momentum thickness I: ~ (1 - ~ )dy 
>. disturbance wavelength 

II kinematic viscosity 

p density 

non-dimensional frequency (27rf6")/Ue 
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