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This Tutorial: 
Opportunities and Challenges  

of AI for Inverse Problems
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Inverse problems

y = 𝒜(x) + ε

• Formulation

Measurements 
(observations)

Forward operator 
(possibly non-linear)

Ground truth 
(signal to be recovered)

Noise

- Typically we have more unknowns than measurements

- Infinitely many solutions can be consistent with the observations
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Common inverse problems (2)
• Compressed sensing

A ={DFT + subsampling

Gaussian ensemble

Bernoulli ensemble

- nice theoretical guarantees on recovery
- exploiting sparsity in transform domain
- special case: MRI reconstruction
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• Inpainting

A = S Sii =diagonal operator, with {1

0 ,otherwise

,if       is sampledxi

Damaged image Restored image
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Tackling inverse problems (1)
• Simplest case

y A x

- Typically: unknowns >> measurements 
- No unique solution 
- Goal: find the “best” solution that is consistent with the measurements

̂x = AT(AAT)−1yMinimum norm solution:

Can we do better by leveraging side-information?
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min
x

∥𝒜(x) − y∥2 + ℛ(x)

data 
consistency

prior 
knowledge

• Compressed sensing formulation

- Regularizer enforces prior knowledge on signal structure
- Most often: sparsity in some transform domain (Fourier, Wavelet)
- Solution: numerical, iterative algorithms
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Tackling inverse problems (3)
• Data-driven methods

- End-to-end methods: learn mapping from measurements to reconstruction directly

y

fθ

̂x min
θ

ℒ( fθ(y), x)

- Generative prior-based methods: learn distribution of        from datax

min
z

ℒ(AG(z), y)
G

z

- Diffusion solvers
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Timeline of Deep 
Generative Architectures

• Variational Autoencoders (2013) • Generative Adversarial Networks (2014)

z

G (z )

x

G

D

• Normalizing Flow Models (2015) • Diffusion Models (2015, dominantly since 2020)
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Compressed Sensing using 
Generative Models

• find vector in latent space of a generator
• such that corresponding sample in data space
• is consistent with the observations

Step 1: Pre-train generator on available training data

min
z

| |AGθ(z) − y | |2
Step 2: Leverage generative prior for reconstruction

VAE (example)

G(z)

Bora, A., Jalal, A., Price, E. and Dimakis, A.G., 2017, July. Compressed sensing using generative models. In International Conference on Machine Learning (pp. 537-546). PMLR.

For given MSE, 5-10x less measurements than classical sparsity-based methods!

min
θ

n

∑
i=1

∥Gθ(zi) − xi∥2
ℓ2
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DGM in Phase Retrieval

Best performance with low # of observations

Hand, P., Leong, O. and Voroninski, V., 2018. Phase retrieval under a generative prior. Advances in Neural Information Processing Systems, 31.
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Existing Barrier to  
using DGM in Inverse Problems

Compressed sensing using generative models, Bora et al. ICML 2017
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End-to-end methods
y = 𝒜(x) + ε

• We want to solve the inverse problem

• We have access to a large number of supervised data pairs (x, y)

…

x1 y1 xn yn

• Directly learn the mapping from observations to reconstructions from data

fθ

min
θ

ℒ( fθ(y), x)
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End-to-end methods in MRI 
reconstruction

• fastMRI public leaderboard

All end-to-end methods!
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U-Net

Ronneberger, Olaf, Philipp Fischer, and Thomas Brox. "U-net: Convolutional networks for biomedical image segmentation." International Conference on Medical image computing and computer-assisted 
intervention. Springer, Cham, 2015.

fθ

convolutional blocks

spatial 
downsampling

low-dimensional “latent” representation

spatial 
upsampling

skip connections
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Unrolled Networks
̂x = arg min

x
∥𝒜(x) − y∥2 + ℛ(x)

• Inverse problem formulation

• Iterative solution via GD

xt+1 = xt − μt [𝒜* (𝒜(xt) − y) + Φθ(xt)] Parameterize regularizer gradient as NN!

x0

μ0𝒜* (𝒜( ⋅ ) − y)
Data consistency

+ x1

μ1𝒜* (𝒜( ⋅ ) − y)
Data consistency

Learned reg. Φθ1

+ x2 … xT := ̂x

Learned reg. Φθ0
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E2E VarNet
• Unroll GD iterations in k-space

kt+1 = kt − μtM(kt − k̃) + Ψ(kt)xt+1 = xt − μt [𝒜* (𝒜(xt) − y) + Φθ(xt)] ℱ

SME

Φθ

ℱ−1 ℱℰℛ

• Denoiser        is a U-NetΦθ

Can we do better with modern architectures?
Sriram, A., Zbontar, J., Murrell, T., Defazio, A., Zitnick, C. L., Yakubova, N., ... & Johnson, P. (2020). End-to-end variational networks for accelerated MRI reconstruction. In International Conference on 
Medical Image Computing and Computer-Assisted Intervention (pp. 64-73). Springer, Cham.
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Transformers?
• Benefits of Transformers

- conv kernels are content-independent
- conv is not efficient for long-range dependency modelling

• Self-attention mechanism

X WQ

WK

WV

×

Q = XWQ

K = XWK

V = XWV

A t t e n t i o n (Q, K , V ) = s o f t m a x ( Q KT

d ) V

Quadratic in # of patches!



HUMUS-Net
Hybrid Unrolled Multi-scale Network Architecture for 

Accelerated MRI Reconstruction
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Deep Unrolling in lensless 
imaging

Learned (unrolled) ADMM

Monakhova, Kristina, et al. "Learned reconstructions for practical mask-based lensless imaging." Optics express 27.20 (2019): 28075-28090.
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Kellman, M. R., Bostan, E., Repina, N. A., & Waller, L. (2019). Physics-based learned design: optimized coded-illumination for quantitative phase imaging. IEEE Transactions on Computational Imaging, 5(3), 
344-353.
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The Neumann Network

̂x = arg min
x

∥Ax − y∥2 + ℛ(x)

• Linear inverse problem formulation

and assume ℛ(x) = xT Rx

• Then the minimizer is

̂x = (AT A + R)−1ATy

• Neumann series expansion of inverse

skip connections arise naturally!

Gilton, D., Ongie, G. and Willett, R., 2019. Neumann networks for linear inverse problems in imaging. IEEE Transactions on Computational Imaging, 6, pp.328-343.



Diffusion Models
(Many slides stolen from Arash Vahdat 
and collaborators see refs at the end)
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Text-to-Image Models

• What made this possible? Two key advances: 
- CLIP 
- Powerful generative models (diffusion)
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x0 ∼ q(x)
real data distribution

…

xt−1 xt

…

xT
noise

q(xt |xt−1)

forward diffusion process

q(xt |xt−1) = 𝒩(xt ; 1 − βtxt−1, βtI)

variance schedule: {βt ∈ (0,1)}T
t=1

q(x1:T |x0) =
T

∏
t=1

q(xt |xt−1)

Forward diffusion process
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Forward sampling

x0 ∼ q (x)

… …
xt−1 xt xT

q (xt |xt−1)

xt = 1 − βtxt−1 + βtϵt−1 := αt xt−1 + 1 − αtϵt−1

= αt αt−1 xt−2 + αt 1 − αt−1ϵt−2 + 1 − αtϵt−1

= αt αt−1 xt−2 + 1 − αtαt−1ϵ̄t−2 = . . . = αtαt−1 . . . α1x0 + 1 − αtαt−1 . . . α1ϵ̄

:= ᾱt x0 + 1 − ᾱtϵ, ϵ ∼ 𝒩(0,I )

q(xt |xt−1) = 𝒩(xt ; 1 − βtxt−1, βtI ) xt = 1 − βtxt−1 + βtϵt−1, ϵt−1 ∼ 𝒩(0,I )

• Reparametrization trick

deterministic variable aux. independent random 
variable

xt = ᾱt x0 + 1 − ᾱtϵ, ϵ ∼ 𝒩(0,I )

Sampling from forward process at any t :
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Reverse diffusion

x0 ∼ q(x)

… …

xt−1 xt xT

q(xt |xt−1)

• If      is small,                    is also Gaussian
• Estimating                   is difficult, learn a model instead! q(xt−1 |xt)

q(xt−1 |xt)βt

q(xt−1 |xt) = ??? Reverse diffusion process

pθ(xt−1 |xt) = 𝒩(xt−1; μθ(xt, t), Σθ(xt, t)) pθ(x0:T) = pθ(xT)
T

∏
t=1

pθ(xt−1 |xt)

Reverse diffusion process

How to learn       ?pθ

“Creating noise from data is easy; creating data from noise is generative modeling.”[1]

[1] Song, Y., Sohl-Dickstein, J., Kingma, D.P., Kumar, A., Ermon, S. and Poole, B., 2020. Score-based generative modeling through stochastic differential equations. arXiv preprint arXiv:2011.13456.
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• Reverse conditional probability is tractable
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q(xt−1 |xt, x0) = 𝒩(xt−1; μ̃(xt, x0), β̃tI )

μ̃t =
1
αt (xt −

1 − αt

1 − ᾱt
ϵt)

β̃t =
1 − ᾱt−1

1 − ᾱt
βt

…

x0 ∼ q(x)

…

xt−1 xt

q(xt−1 |xt, x0)

…

pθ(xt−1 |xt) = 𝒩(xt−1; μθ(xt, t), Σθ(xt, t))

• Reverse process:

μθ(xt, t) :=
1
αt (xt −

1 − αt

1 − ᾱt
ϵθ(xt, t))
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ϵθ(xt, t))

pθ(xt−1 |xt) = 𝒩(xt−1; μθ(xt, t), Σθ(xt, t))
Reverse diffusion process parameterization

xT−1



Putting it all together
• Sampling (naive)

xT ∼ 𝒩(0,I )

t = T

θ

predicted noise add noisepredicted mean

μθ(xt, t) :=
1
αt (xt −

1 − αt

1 − ᾱt
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Putting it all together
• Sampling (naive)

xT ∼ 𝒩(0,I )

t = T

θ

predicted noise

…t = 1

θ

add noisepredicted mean

μθ(xt, t) :=
1
αt (xt −

1 − αt

1 − ᾱt
ϵθ(xt, t))

pθ(xt−1 |xt) = 𝒩(xt−1; μθ(xt, t), Σθ(xt, t))
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θ
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The Generative Reverse 
Stochastic Differential Equation



Diffusion Models in 
Inverse Problems
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Medical imaging example

Song, Yang, et al. "Solving inverse problems in medical imaging with score-based generative models." arXiv preprint arXiv:2111.08005 (2021).

1) Data consistency

2) Unconditional diffusion

Measurement conditioned sampling

Data consistency:

Assume that the forward model has the form:

𝒜(x0) = 𝒫(Λ)Tx0

subsampling invertible



Reconstruction results

Song, Yang, et al. "Solving inverse problems in medical imaging with score-based generative models." arXiv preprint arXiv:2111.08005 (2021).



Deblurring and inpainting results

Kawar, Bahjat, et al. "Denoising diffusion restoration models." arXiv preprint arXiv:2201.11793 (2022).



Intuition
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Diffusion Posterior Sampling
• Bayesian framework

solve inverse problem = sample from posterior

• Hijacking the diffusion process

prior = pre-trained diffusion model

Chung, Hyungjin, et al. "Diffusion posterior sampling for general noisy inverse problems." arXiv preprint arXiv:2209.14687 (2022).



Diffusion posterior sampling

Chung, H., Sim, B., Ryu, D. and Ye, J.C., 2022. Improving Diffusion Models for Inverse Problems using Manifold Constraints. arXiv preprint arXiv:2206.00941. 
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Cold diffusion
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Stochastic Degradation 
Process (SDP)



Degradation Severity

x0 yt′ = At′(x0) Gt′→t′′
can be determined

?

yt′′ = At′′(x0) A1(x0)

Severity
1



DiracDiffusion 
(Denoising and Incremental Reconstruction 

with Assured Data-Consistency)



Experimental Results



Untrained methods
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Hallucinations

• DL model “sees” features 
on reconstructions that 
shouldn’t be present

• Hallucinated features 
appear real as opposed to 
reconstruction artifacts

• Can lead to critical mistakes 
(misdiagnosis)



Critical reconstruction errors

Target nano-structure DL reconstruction

• 3D nano-scale imaging example
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'Internet data'

Data acquisition readily available

Cost very low

Amount of data huge

How about scientific data?



Create a Phase Retrieval DataSet
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Complexity of scientific data 

Complex valued images

magnitude phase

High spatial resolution

640 × 368

32 × 32

Large number of image channels

…
15+ coils
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